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TOWARDS AN EFFECTIVE THEORY OF ABSOLUTELY 
CONTINUOUS MEASURES 

HENRY TOWSNER 


1. Introduction 

There has been a great deal of work extracting quantitative results from 
non-constructive theorems in analysis (see [5], and for some recent examples, 
[giiMSi), often from fairly new results involving sophisticated techniques. 
However even very basic results can turn out to be deeply non-constructive, 
and a library of quantitative versions of such results is a needed resource for 
extracting bounds from theorems which depend on them. 

In this paper we consider the following innocuous looking theorem: 

Theorem 1.1. Let {fn)n and {gp)p be sequences of functions such that 

• the sequences {fn)n and {gp)p converge weakly, 

• all the functions fngp are , 

• for each fixed n, the sequence {fngp)p converges weakly, and 

• for each fixed p, the sequence {fngp)n converges weakly. 

Then 

limlim / d/r = lim lim / fngp dp. 
n p J ^ p n J 

Replacing p with the measure concentrating on cj, this immediately im¬ 
plies that for all sets a, 

limlim / fnPp dp = limlim / fnPpdp. 

This is part of (or at least follows from) the standard development of 
functions, as considered in [3] for instance. The proof, however, is surpris¬ 
ingly non-trival—a crucial step passes through the Radon-Nikodym deriva¬ 
tive. Our interest in this example is motivated by the fact that this turns out 
to be the crucial step in a theorem about Banach spaces; the application of 
the results in this paper to producing a constructive version of that theorem 
is given in [18j . In this paper, our goal is to begin the project of creating a 
library of constructive versions of the basic theory of the spaces. 

The main technique used to obtain the results in this paper is the func¬ 
tional (or “Dialectica”) translation [T]; in particular the variant known as 
the monotone functional interpretation m- We do not describe the pro¬ 
cess of using the functional interpretation to obtain these results here, but 
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see [l9j for more about the general method. Section [5] is devoted to an 
one-dimensional analog of Szemeredi’s regularity lemma which is par¬ 
ticularly likely to be a useful tool in other applications involving spaces. 
This regularity lemma is the constructive analog of the statement that an 
functions can be approximated by its level sets; the appearance of a regular¬ 
ity like statement is a reflection of the general connection between infinitary 
IIs statements and hnitary regularity-like statements Oils]. 

In this case, we are interested in how long it takes for the convergence to 
occur—that is, how big do n and p have to be for the two sides to be close 
to each other. More precisely, since the actual rate of convergence may be 
both non-computable and non-uniform, we are interested in the metastable 
convergence of these limits. 

Metastable convergence was introduced in the context of ergodic theory 
in mz]. Suppose (r„)n is a sequence of real numbers with the property that 
lim„ exists (for some fixed a); that is, for each E, there is an n so that for 
every m > n, |r,i — r^l < 1/E. It is well known that the function mapping 
E to the corresponding bound n may be uncomputable, and (worse for our 
purposes) may be highly non-uniform. 

Metastable convergence is a seemingly weaker property which addresses 
this: in its simplest form, we say the sequence {rn)n is metastably convergent 
if for each E and each function m : N —>■ N there exists an n so that 

< l/E. 

(In fact, in this example metastable convergence implies ordinary conver¬ 
gence, but we will not need this fact, and it will not hold for more compli¬ 
cated limits.) However when a sequence is convergent, we can typically show 
metaconvergence with n depending computably on the values of E and m. 
Further, in a precise formal sense, metastable convergence captures all the 
computable content of the original result: any computation which could be 
proven to halt using the original convergence result can also be shown to 
halt using metastable convergence. This is because metastable convergence 
is an instance of the functional interpretation [DIH]. 

Abstract meta-theorems of the sort in [Hl llOlIT^ say that, even though 
the proof of Theorem 11.11 goes through the highly non-constructive Radon- 
Nikodym theorem, it should be possible to extract from the proof explicit, 
computable, bounds on the metastable convergence, uniformly in computable 
bounds on the premises—that from bounds on the norms of the func¬ 
tions in question and the rates of metastable convergence of the sequences 
ifn)n, igp)p, {fn9p)n, and {fn9p)p- Because the resulting argument would be 
unreasonably complicated, we settle for a slightly weaker result where we 
make some additional uniformity assumptions. 

In this case, because we are dealing with a double limit, the right notion 
of metastable convergence is more complicated. Our main result. Theorem 
16.81 will have the form: 
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Suppose (/n)n and {gp)p are sequences of functions such 
that the functions fnQp satisfy a convergence condition dis¬ 
cussed below. Then for every e > 0, every p and n, and all 
functions k and r, there exist: 

• Values m> n and q > p, and 

• Functions 1 and s, 

such that, setting k = k(m, g, l,s) and r = r(m,g, l,s), we 
have l(A;,r) > k, s{k,r) > r, and 




< e. 


In Section [3 we illustrate the resulting bounds by calculating them ex¬ 
plicitly in the simplest interesting case, where p = n = 0, l(m, q, 1 , s) = q + 1, 
and s(m, <?, 1 , s) = m -|- 1, which gives the statement: 

Suppose (/n)n and {gp)p are sequences of functions satis¬ 
fying a convergence condition discussed below and that each 
fngp is an function. Then for every e > 0 there exist 
s > m and I > q so that 


fmgsdp - J fWqdp 


< e. 


2. Absolutely Continuous Measures 

Rather than work with functions, it turns out to be more natural to 
work with the corresponding absolutely continuous measures. 

2.1. Measures. We fix a Boolean algebra S containing a largest element 
n and a smallest element 0. Because we are thinking of S as an algebra of 
sets, we write U and fl for the the lattice operations on S, and write a C r 
as an abbreviation for “u U r = r”. 

Definition 2.1. If u : S —^ R, we say v is additive if u(0) = 0 and whenever 
u, r G S, u{a U r) = v{(t) + v{t) — ^{a D r). 

We write \v\ for the function |u|(ct) = |u(ct)|. Note that for a general 
additive u, \u\ need not be additive. 

A partition in S is a finite set ACS such that the elements of A are 
pairwise disjoint (We do not assume that We define ^{A) = 

J2a£A abuse of notation we will write a for the partition { it }. 

We write A ^ B {B refines A) if IJ B = IJ A and for every a £ B there is 
a € A with a C When A B and fi G A, we write B^ = {a' G B \ 
u' C fj}. Clearly a Aa- For any t G B we write for the unique a £ A 
so that T <£ a. 

We write [A, B] for the set of all partitions C with A C B. 

To help keep the notation straight, note that is itself a set—the same 
type as a —namely the element of A containing a, while Br is a partition— 
the same type as B —namely a partition refining r. 
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Throughout this paper we work with a fixed additive function : S — 
[0,1] such that = 1. 

Definition 2.2. We write 5iy{A), the density of u on A, for 

We say ; S —)■ M is absolutely eontinuous if for every E there is a D so 
that whenever .4. is a partition with ia{A) < 1/D, |j^|(.4) < 1/E. A modulus 
of eontinuity for i/ is a function : N —?■ N such that for every E and every 
A with n{A) < l/uJi^{E), |i^|(.4,) < 1/E. 

Here, and throughout the paper, we will prefer to work with bounds given 
by natural numbers. Thus, we write 1/E m. place of e and 1/D in place of 

5 . 

In general, if u is absolutely continuous, we write uj^, for some canonical 
modulus of continuity (if there is one). 

We will use the letters p, A, u, and p, exclusively to refer to additive 
functions. 


Lemma 2.3. If A ^ B then 6\i,\{A) < S\,,i{B). 
Proof. Since 

and 

it suffices to show that d\y\{a) < 5\u\{Ba). 


o-'eB,, 


□ 


Definition 2.4. The norm, ||i/||2,i, is sup_4 |j^|(AI). 

Lemma 2.5. If u is absolutely continuous, ||i^||li is finite. 

Proof. Apply absolute continuity with E = 1. Then there is a D so that 
whenever p{A) < 1/D, |i^|(Al) < 1. We claim that for any B, \n\{B) < 2D. 
Take any B and choose Bq E B so that p{Bo) < 1/D and p{Bo) is maximal 
among subsets of B with measure < 1/D. (Such a Bq exists because there are 
only finitely many subsets of B.) Choose Bi E B\Bq similarly, and repeat 
until we have Bq, ..., Bk. For i < k, we must have 1/2D < p{Bi) < 1/D. In 
particular, k < 2D. Since p{Bi) < 1/D for all i, \n\{Bi) < 1 for all i. Since 
= HiB)<2D. 

This holds for any B, so ||i^||Li < 2D. □ 


This gives us an easily expressed bound on densities of large partitions; 
Lemma 2.6. If p{A) > I/D then < D||i/|| 2 ,i. 

Proof. For any A we have |i^|(Al) < ||i^||li, and therefore 5\u\{A) < D||jv||j;^i. 

□ 
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2.2. Products. When p and A are induced by integrals—that is, p{a) = 
f dp and A(cj) = J^gdp —we can consider a product {pX){a) = J^fgdp. 
Of course, since / and g need only be functions, the product may be 
infinite on some sets. As a result, the relationship between the separate 
measures p and A and the product p\ is not trivial to compute. 

We can define a local version of the product: 


Definition 2.7. If p, A are functions from S to M, we define p * A to be the 
function 


{p*X){a) 


P(tT)A((j) 

p{a) 


Note that p* X need not be additive or absolutely continuous. 

Then 

{pX){a) = lim(/9=H A)(Al). 

. 4 ^ 0 - 

Much of the complexity of the proof will come from our need to approximate 
pX using p* X. 


3. Notation 

We will ultimately need a series of techical computational lemmas, which 
will involve a large number of interrelated numeric bounds. In order to keep 
the values somewhat organized, we adopt the following notation. Most of 
our theorems and definitions will have the general form 

For all data E, n, etc., there exist values D, m, etc., such 
that something happens. 

We adopt the convention that the given data in a statement will always use 
use subscript b, while the values shown to exist will always have subscript ft- 
Thus the statement above would be written: 

For all data E\f, n[,, etc., there exist values D^, m^, etc., such 
that something happens. 

We also need to avoid notation conflicts when applying theorems. We adopt 
the rule that all the data corresponding to a single application of a theorem 
or definition will share a subscript, which will take the place of the b or (1 
which was used in the original statement. Thus, if some later theorem makes 
use of the statement above, it would say: 

We apply the statement to the case Eq = ■ ■ ■ and no = • • •, 
and the statement guarantees the existence of values Dq and 
mo such that... 

We also adopt the rule that functions are always written in bold with 
a hat, so a function whose output is m\, would be written m[,. Functions 
whose output is itself a function have the same name with a capital letter, 
so Mi,(- • •) = nil, mi,(- • •) = mi,. 

Because most of our lemmas involve a sequence of numeric values, we use 
the letters n, m, k, I for the indices of such a sequence, with the convention 
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that typically n < m < k < I (these letters will typically have subscripts as 
well). When we have two distinct sets of indices, we use p < q < r < s for 
the other indices. When a theorem is stated involving the values n,m,k,l, 
we will sometimes apply to values of the form p, q, r, s; when we do so, we 
will be consistent— m in the original theorem will correspond to q in the 
application, and so on. 

We assume throughout that all functions are monotone [l2] —that is, if 
n < m then rfi(n) < m(m) —and that m(m) > m. This assumption is 
harmless, since we could always specify our theorems to replace m with 
m'(m) = max„<mrn(n). 

4. Sequences 

4.1. Convergence. The metastable analog of weak convergence is: 

Definition 4.1. We say (r'n)n is metastably weakly convergent if for every 
there is an Mjj > n\, so that for every a, there is an mjj < Mjj 
such that whenever m,m' € [mu, mi,(mjj)], 

This is slightly more complicated than the notion for sequences of real 
numbers because of the uniformity. (We are also following our general nota¬ 
tion for the complicated functions produced by the functional interpretation, 
which creates an excessive number of subscripts on a simple statement like 
this.) Note that the precise amount of uniformity is important; if we re¬ 
placed a in the definition with an arbitrary partition A we would actually 
have the appropriate analog of L^-convergence instead. 

If we want to consider partitions, we have the following statement, which 
is not uniform in the size of the partition: 

Lemma 4.2. If (vn) is metastably weakly convergent then for every E\,, B\j, 
m[,, n\) there is an mj > nt, such that whenever m,m' G [mj, mi,(mj)], for 
each (Tt, G B\,, \i'm - t'm'K'^b) < 

Proof. By induction on \B\)\. When \B\f \ = 1, this follows immediately from 
metastable weak convergence applied to E\,,nii,,n\,. 

Suppose the claim holds for B\, and we have some ao ^ B\,. Given any mo, 
by metastable weak convergence applied to E^,, mi,, ni,, there is some m^o > 
mo so that for all m,m' G [mmo,Jnb("^mo)]) Wm — t'm'K'^o) < l/-®b- Dehne 
mo(mo) = mt,(mm,o) and apply the inductive hypothesis to Ei,, B\,,mo,n\,. 
We obtain mo > n-b so that for all m,m' G [mo, mo (mo)] and all Ub G B\,, 
l^m ^m' K^^b) < i/E. 

We set mj = nimo ^ Then [mmo, mi,(mmo)] ^ [mo,mo(mo)], so mj 
satisfies the claim. □ 

There is a natural strengthening of metastable weak convergence: 
Definition 4.3. (z/^) has bounded fluctuations if for every E^, there is a Vj 
so that for every nii,, nb, cr there is an m[j G [nb, rnj^"(rib)] such that whenever 
m,m' G [mjj, nib(mj)], Wmicr) - r'm,'(<7)| < 1/T'b. 
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Metastable weak convergence corresponds to the statement that a certain 
tree is well-founded (see 0); having bounded fluctuations implies that the 
height of this tree is bounded by oj. 

It will be convenient to be able to assume that = m(((ni,) exactly for 
some V. 

Lemma 4.4. Suppose (u„) has bounded fluctuations. Then for every E\, 
there is a Vj so that for every m[,, nt,, cr there is a ujj < Ff| such that whenever 
m,m' E [mj(‘'(n|,),mj(“'^\nb)], |um(cr) -Um'(cr)| < l/E\,. 

Proof. Let Vq be the bound for the bounded fluctuation of (u„); apply¬ 
ing this to the function m^, for any a,n\^ there is an E 
such that whenever m,m' E [m((, m^(mjj)], |um(cr) — r'm'(cr)| < 1/-Eb- Let 
Vq < 2Vq be greatest such that m[(“(n[,) < m^. Then m((°"''^(nt,) > mjj, so 
mu < m[(“"''^(n[,) < m[,(m(j) and {nf) < m^(mjj), so for any m,m' E 

[m((°+^(nb),m((°+^(nb)] C [mjj,m^(mjj)] we have Wm^{a) -Um(cr)| < 1/E\, as 
desired. □ 

In this case we can get also get some uniform bounds on partitions if we 
are willing to accept a set of defective a of small measure: 

Lemma 4.5. //(z^n) has bounded fluctuations then for every E\,, B\, 

there is an > n\) such that, taking 

B = {a \ for every m,m! E - Vm'\{(y) < 

we have p.{B) > (1 — /D\,)p{B\f). 

Proof. Let VJj be the bound on the number of fluctuations when 2E\,. Given 
ni,, rfit,, u, let 

f(u,rei,,m^) = {a eB\,\ for some m,m' E [m(;(n[,), m[(+^(ni,)], 

the “exceptional” a. We will show that /i(T(u, n^,ffii,)) < 1 — fj.{B\,)/D\, for 
some V. 

By induction on k we will show that, for any m|,, there is a u < so 
that < (1 - iJi{B\,). 

When k = 1, since (u^) has bounded fluctuations, for each a ^ B\, there 
is a Uo- < so that for each m,m' E [mj'‘^(ni,),mj’‘^^^(nb)], {I'm — < 

l/E \,—that is, a ^ £{vcr,n\),rn\f). In particular, there must be some u < I/j 
such that the set of a with = v has measure > pL{B\f)/Vij^, so £{v, nt,, m[,) < 
(1 - 

Suppose the claim holds for k. We apply the inductive hypothesis to 
the function so there is some v < so that p,{£{v,n\,,m^^)) < (1 — 

l/Vfj)^/r(I3b). Then applying the k = I case to rn^ (nt,), mi,, f(u, ni,, rnj^**), 
we obtain a v' so that 

fi{£{v' {ni,),nii,)) < (1 - - l/V^f ii{B\,). 
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Therefore 

fi{£{v ■ + r;',nb,mb)) < (1 - 1/Vj)^+V(^b)- 

Therefore v -V^ + v' v -V^ + v' satisfies the claim. 

The lemma follows by taking k = \D 

4.2. Uniform Continuity. The Vitali-Hahn-Saks Theorem says roughly 
that a weakly convergent sequence of additive functions Vm is actually uni¬ 
formly continuous—that is, for each e > 0 there is a 5 > 0 so that when 
^{a) < S, |r'm(o')| < e for all m simultaneously. The metastable analog of 
uniform continuity is; 

Definition 4.6. We say a sequence of functions (r'n)n is metastably uni¬ 
formly continuous if for every E \), rfii,, n\) there exist > n\, and such 
that whenever fi{a) < 1/Djj and m G [mj,nit,(D(j,mj)], |r'm(o')| < 

Note that this immediately implies the same statement with uniformity 
over partitions: 

Lemma 4.7. Let (r'n)n be metastably uniformly continuous. Then for any 
£'l,,mi,,nt, there are mjj > n\) and Djj such that whenever n{A) < 1/Djj and 
m € [mtt,m|,(T>jj,mjj)] 

? \^m l(^) < 1/4- 

Proof. Given apply metastable uniform continuity to 2E\,,in[,,n\, 

to obtain mj > n\, and D^. Then for any m G [mo, ni(D, mo)] and any A, 
we may decompose A = A+ U A- where 

A+ = {cJ G .4, I nm{cr) > 0}, A- = {cJ G .4 | < 0}. 

Then 

|l^m|("4) = Z/m(.4-|_) I'mi.A—) = .4-1-) Z^m(lJ"4_) < 2j2E\,. 

□ 


We now give a quantitative version of Vitali-Hahn-Saks. 

Theorem 4.8. Let E\^.,m\,,n\, be given and let (r'„)n be a metastably weakly 
convergent sequence of additive functions with moduli of absolute continuity 
Then there are mj > n\^ and so that, for each m G 
whenever < l/D^, |r'm(c)| < 

Proof. We assume that the moduli of absolute continuity are rapidly growing, 
specifically that uju„,+i{E) > 2ojy^{E). (This is without loss of generality, 
since we can always replace iWy with a larger function.) 

We define a function 

m(mo) = m^(2a;,,^^(16S[,),mo). 

We now define a sequence of values m*, cjj. We always have Di = {16E\,). 

We will always have m^ < mj+i, and therefore for any j < i we have 
m* > nij + {j — i), and so Di > 2^~^Dj. 



TOWARDS EFFECTIVE THEORY OF MEASURES 


9 


We set mo = n\, and ao = 0- Suppose mi,ai are given. We suppose 
that there is some m G [mi,m(mj)] and a a with fi{ai A a) < 1/Di so that 
|umi(o') — Um(o')| > 1/4£'|,. (If not, the process stops and we will be able to 
prove the theorem as described below.) We define ruj+i to be this value of 
m and cjj+i = a. 

Note that for any j < i, 

H{aj A cji) < ^ E 1/0/< E 2^-^'/Dj < 2/Dj. 

Suppose we construct ruj for all i. Now define a function m'(m') to be 
ruj+i where i is least so m* > m'. Let M’ be given by metastable weak 
convergence applied to and let m' < M' be such that whenever 

k,k' G [m', m'(m')], \i^k{f^M') — Ufc'(cTM')l < l/SL'b- particular, since 
G [m',m'(m')], |umi(o'M') - Um^+i( o-mOI < 1/8-Eb- 

As noted above, we have A ) < 2/Z)j+i < 2/Di. This means 

I ^rtii (o-j+i) (f^i+i)l < I ^rrii {o'M’) — l^mi+i{o'M')\ 

T |Umi(^i+l ^ 0 ' m ') \ T \^mi.^.l{o'i-^-l ^ 0 ' m ')\ 

< l/8Sb + l/16Eb + l/16Eb 

= 1/44- 


But this contradicts the choice of Cj+i. 

So the process must eventually stop, and we find some mi,ai so that for 
every m G [mj,rn(mi)] and a with fi{ai A a) < 1/Di we have li^rniio) — 
Um(<T)| < 1/4:E\,. We take D^ = Di > Dq and = mi. Then for any 
m G \m^,rn\f{D^,m^)] = [mi,m(mi)] and any a with ^{a) < 1/D^, 


= 

1 i 

U fj) - 

■ \ 0-)| 

< 

1 (^1 

; U fj) - 

- \ fT)| + 

< 

1 (^1 

;) - Umj((Ti)| + 1/2E^, 


+ 

(o-i) - 

U fj)! 


+ Wm^ 

(o-i) - 

\a)| 

< 

1/E^. 




□ 


4.3. Double Sequences. We need a similar notion for doubly indexed 
sequences—that is, given a collection of measures {pn^p)n,p, we need to 
be able to express uniform continuity. 

Definition 4.9. We say {pn\)n,p is n/p-metastably uniformly continuous 
(“n over p metastably uniformly continuous”) if for every E\,,m\j, and q^, 
there are D^,m^,p^,r^ so that for if mb(Dn, m|j,pjj,f[() > m^ and qt,(Dn, mn,pjj,f 
Ptt then r[t(mb(Djj,mtj,ptt,rtt)>9b(T’tt,mtj,pij,r[t)) > ^i,{D^,m^,p^,r^) and for 
any a with p{a) < 1/D^, 
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Of course there is also a dual version, p/„-metastable uniform continuity, 
with the indices flipped. 

Note that this is the metastable statement corresponding to the dou¬ 
ble limit lim„limp(/5„Ap)(cj); the additional complexity is due to the higher 
quantifier complexity of a double limit. 

In general we could prove that that “n/p-metastable weak convergence” 
(which could be defined analogously) implies n/p-metastable uniform conti¬ 
nuity. For our purpose we only need a special case which lets us avoid this 
notion. The following lemma is the main step, which includes a stronger 
inductive hypothesis we need to complete the proof. 

Lemma 4.10. Suppose that 

• {piXp)p has bounded fluctuations, and 

• for each m, {pmXr)r is metastably uniformly continuous. 

Then for any E\,, rrii,, n\,, p\,, there are D^,m^ 

setting 

• m\, = mb(T)tt,mtt,gjj,ftt), 

• gi, = 4(L>jj,mjj,gtt,fjj), and 

• rjj =ftj(mb,gb), 

if RT-b > ^tt 9t> ^ Qi then 

• n> Qb, 

• there is a do such that whenever //(do A d) < 

I(Pmj^rj)(/’’) ~ {Pm‘,Xr^){(y)\ < \/E\,, and 

• whenever p{a) < 2/D^, |(/ 0 m#Ar,)(d)| < 

Proof. We define functions ri^£)^n,p so that for any m, q we have ri,D,n,p{'fn-, q) > 
max{p, g}, and for any do one of the following holds; 

• There exist D^, mjj, gjj, fjj satisfying the lemma, 

• There is a d with p{a) < 2jD such that ^ > 1 / 44 , 

• Whenever //(do Ad) < 1/D, 

• There is a sequence n = ko < ■ ■ ■ < ki and a a with //(do Ad) < 2/D 
such that for each j < i, 

l(f’^/'^?i,D,n,p(m,<?))(d) “ — l/2Db. 

For f = 0 we take fo,_D,n,p(R/) q) = max{p, g} since the final clause is satisfied 
trivially. 

Suppose we have defined ri^£)^n,p{m,q) for all D,n,p,m, q, aQ. We now 
define rj_|_i^£i,n,p(/R) q) for some fixed values D, n,p, m, q. We assume m> n 
and g > p; if not, we replace m with n or q with p as necessary. We define 
r{D*,q*) by 

ro(D*, g*) = Ti^D*,m,q* (mb(D*, m, q* ,ri^D* ,m,q*), %(D*, m, g*,fj,D*,m,g‘)) 
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and r*{D*,q*) = rQ(max{D*, 2L)}, g*). 

By the metastable uniform continuity of {pm\)r-, we obtain D*,q* such 
that whenever fi{a) < 2/D* and q £ [q*,r*{D*,q*)], |/OmAq(cj)| < 1/4:E\^. 
Without loss of generality we may assume D* > 2D. Let m' = ni\){D* ,m, q* 
q' = d^\>{D*,m,q* and r = T{D*,q*) = ri^D*,m,q*{m',p'). We de¬ 
fine ri+i^D,n,p{m,q) = r. 

We now check that for every uq, one of the four properties holds. If there 
is any a with p{a) < 2/D and |(p„Ar)(cj)| > 1/^E\, then the second case 
holds, so assume not. Similarly, if for every a with fi{ao A a) < 1/D we 
have \{pn^r){cr) — {pmK)io')\ < 1/Dt, then the third case holds, so assume 
not, and fix a counterexample a. 

We apply the inductive hypothesis to ri^£)*^m,q*{rn', q') and a, so one of 
the four cases above must hold. If the first case holds, we are done, since it 
resolves the hrst case for as well. We have chosen D*,q* to rule 

out the second case. If the third case holds then D*,m, q*,ri^D*^m,q* satisfies 
the lemma. 

The remaining possibility is the fourth case: there is a sequence m = ki < 

■ ■ ■ < fcj+i and a a' with p{a A a') < 1/D* such that for each 0 < j < i + 1, 
\iPkjK){cr) - {pkj+iK){cr)\ > 1/2D|,. We take n = ko- Since A ex') < 

1/D* < 2/D* < 1/D, |(/9mAr)(crAcr')| < l/4Db and |(p„Ar)(cjAcj')| < 1/4D|,, 
so 

l/Dt < \{pnXr){cr) - {PmK){cr)\ 

< |(pnAr)(cr') - {pmK){(y')\ + \{PnK){cr A Cj')| + \{PmK){cr A a')\ 

< \{Pn\)W) - {pm.K){cr')\ + l/2Di,, 

and so \{pn\){(y') — {pm\){(^')\ > l/2Di,. Since p{(jQ A a') < p{cro A a) -|- 
p{a A a') < 1/D + 1/D* < 2/D as needed, we satisfy the fourth case. 

This completes the construction of the functions and shows they 

have the desired properties. 

Now hx B large enough by the bounded fluctuations of {piXp)p and con¬ 
sider the function 

?*(D*, g*) = rB,DAI,,*(mb(D*, !,(?*, rB,D*,i,,*), qbP*, 1,9*!,,*))• 

By the metastable uniform continuity of {piXp)p we obtain D*,q* such that 
whenever ;u(cr) < 2/D*, |/9iA9.p*_g*)|(cj) < l/dD^. Let m' = mi,(D*, 1, g*, rD,D‘,i,<?*) 
and q' = %(D*, 1, g*, rD,D*,i,g*) and consider r = ^^^{m/q') with 0. 

One of the four cases must hold; if the first holds, we are done. We have ruled 
out the second by choice of D*, q*. If the third holds then D*, 1, q* .,yb,d*, i,q* 
satishes the claim. If the fourth holds then we have a sequence ko < ■ ■ ■ < ks 
and a cj so that for each j < B, \{pk.Xr){a) — {pkj+iXr){cr)\ > 1/2E\,. But 
this violates the choice of D. □ 

Lemma 4.11. Suppose that 

• {piXp)p has bounded fluctuations, and 

• for each m, {pmXr)r is metastably uniformly continuous. 
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Then {pn\)n,p is n/p-metastahly uniformly continuous. 

Proof. Apply the previous lemma to riij,, p|,, 0,0 to obtain 
Choose (To given by the second clause, let mi, = qi, = 

and rjj = rjj(mi,, Then if p{a) <l/D^, 

I (Prrn, Arj) (<7) | = | {Pmt, Arj) (^O U (t) — {prrn, ) (<7o \ c) | 

I iPrriff ^J’ti) (^0 U (t) {Pniff ) (<^0 \ '^) I T 

= \{Pm^^r^){^) \ + l/2-E't> 

< l/^b- 

□ 


5. Regularity Lemma 

The usual proof of our main theorem, involving actual functions, 
would use level sets. In order to obtain an analog for absolutely continu¬ 
ous measures, we need approximate level sets. These are given by a “one¬ 
dimensional” analog of the Szemeredi regularity lemma. (One dimen¬ 
sional regularity lemmas show up in some expositions [3] of the usual reg¬ 
ularity lemma.) Roughly, this will say that we can find pairs of partitions 
B A such that for most a ^ A and most a' £ Ba, Su{cr) is close to 
even though B is “much finer” than A. To make this precise we will need a 
number of definitions. 

If we were working with bounded functions, the argument would be 
much simpler. In order to deal with functions—equivalently, the ab¬ 

solutely continuous measures were are considering—we need to be able to 
“cut-off” sets of sufficiently high density. 

Definition 5.1. Given a partition B, we dehne Bu>k = {cr £ B \ \5i,{a)\ > 
K} and Bu<k = {cr £ B \ |(5i/(cr)| < K}. 

Then B = B^^k U B^kk, and when K is large relative to ||u|| 2 ,i, we can 
be sure that piB^yx) is small. 

Definition 5.2. By a function on partitions we mean a function B such 
that for any A, A ^ %{A). 

Definition 5.3. Let Bq <Bhe given. We define 

= \5,{a) - > l/E.} 

D stands for “difference”, since it is those elements of B on which the 
density has changed significantly. 

Our goal is to prove the following theorem: 

Theorem 5.4 (One-dimensional Regularity). Let v, A\,, E\,, D\,, and a 
function on partitions B[, be given. Then there exists a B(^ y A\) such that 
for every B £ [Rj, Bb(Rjj)], 


< 1/A- 
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By analogy with Szemeredi regularity, we expect the proof to proceed as 
follows; we dehne a notion of density 9(C) such that: 

• For all partitions C, 9(C) is non-negative and bounded by some fixed 
value C, 

• If C ^ P then 9(C) < 9(V), 

• If C is not the desired Bp then there exists a C' ^ C such that 9(C') > 
9(C) + c where c is a hxed constant. 

Then failure to witness the theorem means we can increment 9, and so within 
roughly 1/c steps we must hnd the desired witness. (This method is known 
as the density or energy increment method, and is characteristic of finitary 
analogs of the proofs of IIs statements.) 

If u has bounded norm, the choice of density notion is standard; 

Gl‘^(C) = '^g.(a)5l(a). 

crGC 

It is easy to see that 0^2 is bounded by the square of the norm of u. 

However since n need not have bounded norm, we have to “cut-off” 
this norm, making it linear when gets large enough. By choosing the 
cut-off large enough, we can ensure that the portion where the cut-off occurs 
has small measure—say, measure at most I /2D\, —and is therefore negligible. 
We choose 

+ 2i^ m(o-) 

cr£C„<K <^&Cv>K 

where K = max{2Z)t,||u||ii, 1}. 

Unfortunately, we have now violated monotonicity under a minor but 
unavoidable circumstance; C < V and a G Cu>k, it could nonetheless 
be that % 'Du>k- The second, linear term in has some (necessary) 
leeway built into it—we multiply by 2K, not just K —and that interferes 
with monotonicity. 

We solve this by weakening the monotonicity requirement to only consider 
pairs C <1) where C^^k U T). Given a V y C violating this condition, we 
can modify P on a set of small measure to satisfy this condition. 

Given a function on partitions B, we can think of B(^) as specifying, for 
each cj G .A, a partition of a, a = 1 J{cj G B(A.) | cr^ = a}. We modify B so 
that we only apply B to elements of Ay<K- 

Definition 5.5. Let B be a function on partitions. We define B^ to be the 
function on partitions given by 

B^(A.) = Au^K U {cT G B(A.) I (Tyl G Ay^x}- 

It is convenient that for any A, |B'^(A.)| < |B(^)|. 

We now prove some basic properties about 9]^i. 

Lemma 5.6. For any C, 0 < 9ii(C) < K‘^ + 2iL||i/||2,i 
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Proof. The lower bound is obvious. For the upper bound, 

< Y. Kcr)K^ + ‘^KYW\i^) 

cr€Ci/</^ <jGC 

< + 2K\\u\\li. 


□ 


Lemma 5.7. If C <1) and Cu>k ^ H then 0 li{C) < 6ii{T>). 

Proof. It suffices to show that for each a G Cu<k, Let us 

write D< for {Va)u<K and for V^j \ P<. Then 


(9^1 (a) = ii{a)5l{(j) 


< h{^) 


( Y.r&V, h{T)5y{T) \ 

V /^(^) / 


{Erev^ hir)Su{T)y 
H{a) 


hicr) 


+ 


(ErGD> h{r)d^{T)'^ (2Erel?< Kt)^u{t) + Er'GD> h{r')5„{T')'^ 


hicr) 


t) 


< 


ix{a) 

+ ( hij)5u{T) 

\rGD> 

+ i J2 hiT)^AT) 

\rGD> 

ErGD< 


Ergp< 

^x{a) 

Kt)Su{t) + Er'GD> 


^(cj) 


^(cj) 




rGl>< 


+ I 

yrGD> 


KEr&v<hi'r) 


+ I /^('r)<^i.(T) I 

KTGVy 
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< H + 2K Y, 

rGl>< T&Vy 

= 0Ll(^a). 

□ 

Lemma 5.8. Suppose \5u{cr)\ < K and a <7). LetV* = 

Then 

eLr{v)>eLr{a) + pi{v*)/El 

Proof. For notational simplicity, we consider the case where P \ P* is a 
singleton (possibly a singleton of measnre 0 ); let ns write C for this element. 

(The general case follows from combining the two cases below.) 

For each t € P, write 7 ,- = 5u{t) — S^icr). Then since 

n{a)Suia) = 

we have 

Kt)Su{t) - fi{T)6uicr) = 0. 

r r 

First, suppose |5!y(C)| < K, so Pu>k = 0- 

= + Irf 

tGX> 

= H + 2'yrT{T)du{cr) + hi^hr 

t^T> 

= Gpicr) + T^T-hr 

tG'D 

>eLr{a)+ia{P*)/El 

On the other hand, suppose |(J!y(C)| > E. Since |(^!y(T)| < iF for r G T>, 

5u{C) has the same sign as Su{cr), so 7 ^ also has the same sign. In particular, 

\du{(T) + 7(^1 = \S,y{a)\ + I 7 J. Then we have 

0l^{V) = Y. Kr)6l{T) + 2K^i{0 |<I,(C)| 

= Y KT)iSu{cr) + 2Kn{C)\5u{cr)+-f(^\ 

t£V* 

> Y + 2^x{T)5y{a)-fr + + 2Kp{C) \Su{cr)\ + 2Kp.{C) | 7 ^| 

t£V* 

> Y + Krhr) + \5u{cr)\ + 2p{C) (K | 7 ^| - 

tGV* 

> Y + Tirhr) + hiOSlid) 

tGV* 

>eLiia)+piP*)/El 
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□ 

Corollary 5.9. If C and Cu>k C V then 

Ol^ {V) > 9ii (C) + n DEt,c,!/(^^))- 

Corollary 5.10. If C :<V, Cu>k ^ H and ^{'DE^fi,v{II*)) > 1/^b then 
Ol^{V) > 0^1 (C) + 2^^. 

Proof. Follows from the previous corollary using the fact that, by Lemma 
l^-hi ia{T>v>K) < l/2-Dt>' 

We can now prove the regularity lemma: 

Proof of Theorem \5.4[ We assume K = 2H[,||i/||2,i. (In the case where 
2 Z)|,||i/|| 2 ,i < 1, we obtain slightly different bounds, but the argument is 
unchanged.) 

Let Aq = A\,. Given At, if there is any B € [.Ai,B^(^j)] such that 
t^i’^E^,Ai,iy{^)) ^ 1/2L>|,, take AiJ^i to be such a B. 

By Corollary EIDl 6*^1 (A+i) > 6 'li(A) + Since 0^1 (A) < + 

2 iL||i/|| 2 ,i = 4D^||i/||^i +4L>t,||z^||^i, there must be some i < 16i4^£^^||z^||^i + 
16D^£'^^||i/||^i so that for every B € [A,Bf (A)], /i(SEb,A,v('S)) < 1/2A- 
Suppose B E [A,B[,(A)]; and let B' = {Ai)u>K U {cr E B | (T_ 4 - E 
iAi)u<K }. ThenB' ^ (Ai), so < 1/2A. lA E ^e,,A^A>3) 

then either a E B', and therefore a E E^,,AiA^')i ^ {Ai)u>K- There¬ 

fore 

K'^E^,AiA^)) ^ K'^E^,AiA^')) + A-^i'>k) < 1/2A + 1/2A- 

□ 

We need to strengthen this theorem to sequences of functions. Since we’re 
no longer able to fix in advance (we don’t know what v to use), we need 
a modification. 

Theorem 5.11. Let (r'n)n be a sequence with AnllLi < B for all n. Let 
A) A) A) nib 7 and B[, he given. Then there exists a ^ A; an n^, and a 
kj so that whenever B^PBPB'P Bt,(n[j, kj, Bj), setting 

nib = mb(ntt,ktj,Btj,B,B') 

and = kn(mb,B'), ifm<g > then we have > m\^ and fj,{DEi,,B,k^{B')) < 

1/D,. 

That fejj is independent of B is an incidental simplification because of the 
actual calculations involved. 

Proof. As above, we set K = AD,B and define 

Ok{c)= + ^(o-)IAfe(AI- 

o-GC^^KK cr^Cui.>K 
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The main step is the following claim; 

Claim 1. Let mo, Aq ^ ^ Ad and i be given. Then either: 

• There are njj, kfj, and satisfying the theorem or 

• There is a sequence of extensions Ad ^ ^ ^ Ad+i and an 

m > mo so that for all j < i we have 9m{Ad+j+i) > 9miAd+j) + 
II2^D,E^. 

Proof of claim. By induction on i. When i = 0, this is trivial. 

Suppose the claim holds for i; we show it for i + 1. Suppose we are given 
^0) • • •) Ad and mo. Consider the function kj(m, B') given by applying the in¬ 
ductive hypothesis to m and Aq, - ■ ■, Ad, B'. If mo, Ad, k* satisfy the theorem 
(or we ever end up in the first case), we are done, so suppose not. Then there 
are B,B' G \Ad,^\){mo,\^i,Ad)\ so that if m = ni]^{mo,\i.i,Ad,B,B') > mo 
and k = kj(m, B'), we have This means that either 

K^2E„A„km > V2A or > 1/2A- 

Let = {Ad)uk>K U {cr G B I ^ and A = {BA)v^>k U 

{cr G B' I |A('^B*)| < K]. Then either fJ.{'S 2 E^„Ad,k{B)) > 1/4A or 
fJ-{'^ 2 Ei,,Ad,k{B')) > 1/4A, so 9m{Bl) > 9m{Ad) + l/2®A-®b ■ We may take 
Ad+i to be B^. 

By the definition of kj, either we obtain kj and Bjj satisfying the theorem, 
in which case we are done, or we find an extension Ad+i ^ A(^d+i)+i ^ ^ 

*^(d+i)+b ®o that 

Gk{Al^d+l)+j+l) > (^k{A(^d+l)+j) + 1/2^AA^ 
for all j < i. So .4^+1 P ■ ■ ■ ^ Ad+i+i is the desired extension. H 

Since 9m{B) < + 2KB = 2‘^D^B‘^ + 2^D\,B^, applying the claim 

with i = 2^'^D^E^B'^ + 2'^D‘^E^B'^ and mo = 0 means the second case is 
impossible, so we must be in the hrst case, satisfying the theorem. □ 

Before going on, we need the following observation: 

Lemma 5.12. Suppose \e — A\{B) < 1/DE. Then 

/i({cr G B I \du{a) - 6 u'{(t)\ > 1/E}) < 1/D. 

Proof. Suppose not, so setting B* = {a G B | \5y{a) — A(<t)| > 1/B}. Then 

\v - v'\{B) = ^ \5u{a) - 5ui{a)\ix{a) > ^ \5y{a) - 5u'{a)\p.{a) > 1/DE. 


We will need a stronger form of Theorem 15.111 in which we achieve regu¬ 
larity, not for a single Vn, but for all with n in an interval. 
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5.1. An Aside about Notation. The following lemma is the first instance 
of a pattern we will need many times: we wish to apply several lemmas 
in a nested fashion, and to do this, we need to define a nested series of 
functions satisfying the premises of those theorems. We will distinguish 
variables belonging to a given application of a theorem by subscripts. The 
outermost theorem will be subscripted with 0 (to indicate no dependencies). 
For instance, suppose we have two theorems: Theorem A says 

For all nil, there are nj and pjj such that mi,(n[j,p[() has a 
convenient property, 
and Theorem B says 

For all nil, there is an such that has a desirable 

property. 

We wish to prove a theorem in which the function nii, to which we apply 
Theorem A is defined using Theorem B. We would write this as follows: 

Proof of a hypothetical theorem. We define a function nio so that we can 
apply Theorem A to it. 

Suppose no and po are given. We write f to abbreviate no,po- We now 
define a function rrij so that we can apply Theorem B to it. 

I Suppose n| is given. Define ni|(n|) = f{n-^,no,po). 

By Theorem B applied to m^, we obtain a value n^ so that mj(nj) has 
a desirable property. We now define nio(no,Po) = 9(^t)- 

By Theorem A applied to nio, we obtain no,Po so that nio(no,Po) has a 
convenient property. This allows us to complete the proof. □ 

In particular, note that the subscripts distinguish the variables relevant to 
Theorem A from those relevant to Theorem B, and indicate the dependencies 
(nj depends on nQ,pQ, for instance), and the use of the bars on the left of 
the text to indicate the scope of the variables. 

5.2. The Strong Form of Regularity. 

Theorem 5.13. Let (r'n)n be a metastably weakly convergent sequence of 
functions with Ur'nllLi < B for all n. Let Ai,, Fi,, Di,, Bi,, rhi,, Li, be given. 
Then there exists a ^ A\,, an n^, and an kj so that, setting m\, = 
rhi,(n[j, kjj, Bjj) and li, = Li,(n(|, kj, B[j), if m[, > then whenever P B < 
B' < Bi,(n(j, kj, Bjj), we may set 

/cjj = k^{m\,X,B,B') 

and then > m\, and for every I G yi{T) e^,b,i{B')) < ^ID\)- 

Proof. In order to apply Theorem 15.111 we prepare to define functions 
mo{no,ko,Bo,B^B') and Bo(no, ko, ;Bo)- 
Suppose no, kg and Bq are given. We abbreviate no,ko,0o by f. 

In order to apply Li,, we need to define a function k|(m, li,, B, B'). 
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On input ^ B' we may apply the metastable weak convergence 

of (i'n)n twice to find an m, m so that for each 

the set of fj G such that \i^k — Ufc'Kfr) > 1/3E\, has measure < l/3D\, 
and the set of fi € such that \uk — > l/3-E[, has measure 

< 1/3 A ■ 

We define 

We now define 

• mg (no, ko, A, ^3, B') = m ^ ^K^KrK/) 

• Bo(no,ko, A) = B^(no,mp A)- 

By Lemma fS.llI applied to A) 3A) 3A) ™o, Bg, we obtain ng, kg and 
Bq. We set np = ng, kp = kp and B^ = Bq. Let mp = mt,(np,kp,A) 
and Ip = Lp(np,kp,A) and consider some B ^ B' € [A, Bp(np, kp, Bp)] = 

[A, Bo(no, kg, Bg)]. 


Setfcp = kp(mp,lp,B,B'). By choice of kg and Bg, % = B') > 

< 1/3A- 

Consider any k G [/cp,Tp(A:p)] C g,,Tp(ko(m^^^j^ ^ g,, B'))]. Sup¬ 

pose a 0 D3Eb,B,fcp(^0- Then 

Wk{cr) - nfc((TB)| < jufci, - UfcKcr) -b Wki - UfeKcrg) -b l/3Bp < 1/Bp. 

Except for a set of a of measure less than 2/3Zlp, the first two values are each 
bounded by l/3Bp, so except on a set of measure less than l/Bp, \i'k{o') — 
Ufc(<TB)| < 1/Bp. That is, fj.{DEi„B,ki^')) < 1/A- Tl 


6. Exchanges 

6.1. B-Constant Partitions. When p{A) = J^fdp, a natural and useful 
operation is to decompose 11 into approximate level sets—to fix B and define 
Ac = {lo \ —ll2E < f{oj) — c < 1/2B}. We could pick a collection of values 
c so that these sets are pairwise disjoint. This is an infinite partition, but if 
we know ||/||ipi < B then we could choose a large number of values c so that 
A. \fW < 1/-E by taking B = {-B, -B+l/B, -B+2/B,... , -K+ 

2KE/E for big enough K. 

In our setting, the analog of a partition into sets Ac is the notion of an 
B-constant set: 

Definition 6.1. We say p is E-constant on B if for every a £ B and every 

A, |(pA)(o-) - (p * A)(a)| < |A(ct)|/B. 

The useful situation is to have a partition B' and a B^ C B' so that 
some p is B-constant on B' \ B~ —we may think of B' as having the form 
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{Ac I c G 5} for some large finite S, and B as being some further partition 
of [u I |/(a;)| > K}. 

Lemma 6.2. Suppose p is E- constant onB'\B~ and that HpHli, ||A||j;^i < B. 

Then for any B <B' and any C, 

Y, \{pX){a) - {p*\){a)\ < ^+C|p|(Ds,B,A(^0ue-)+|/>A|(Di5,B,A(i3')U^"). 

Proof. Since p is ill-constant on B' \ B~, for each t € B' \ B~ we have 

|(pA)(T)-(p.A)(T)|<i|A(T)|=i|A|(T). 

Write B'^ = B' \ (B~ U ^e,b,x{B')). For any cr G 0, let Uo- = cr \ 

(We may think of as the “bad” subset of a.) Note that if r G B~^ then 
T ^ SO |(^a(t) - (^a(o-)I < 1/-E. 

Then for any a G B<c we have 

{pX){a) = Y (M)('r) 

r&B', 

= (/’A)(i^a) + Y 

r&B+ 

= {p>^){va) + Y (p* ^)('^) + W l7r| < ^|A|(r) 

reB+ 

= (/’A)(t'a) + 51 P('r)<^A('r) +7r l7r| < ^|A|(r) 

r&B+ 

= (/’A)(i^^) + Y /^('r)'^A(o-) + 7r l7rl < ^\p\{t) + ^|A|(r) 

r&B+ 

= (pA)(u^) + p{a \ Va)6x{<T) + |7al < 4 51 i\p\('^) + l-^IW) 

r€B', 

= (pA)(t;^) + p{(t)6x{(t) + 7 " \l”\ < C'IpI(w) + 4 51 + l-^K'^)) 

rdB', 

= {p^){Va) + {p* A)(o-) 7 " | 7 "| < C\p\{v^) + -^ 51 + \MiT))- 

r&B', 

Summing over all a G Bx<c-, we obtain 

5] |(pA)(ct) - (p* A)(a)| < ‘^+C\p\{'i^E,BAB')yjB-)+\p\\{^E^BAB')\JB-). 

<t&B^<C 

□ 
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6.2. An Exchange of Limits. We now come to a series of lemma consti¬ 
tuting the main part of our argument. We make the following assumptions: 
(*)i Each (Ap)p has bounded fluctuations with bound independent of p, 
(*)2 {Pn)n has bounded fluctuations with bound independent of n, 

(=f =)3 There is a fixed bound B such that for each n, HyOnllii < B and for 
each p, IIApll^,! < B, 

(=f =)4 For any E, D, pn (resp. Ap) and B, there is a B' ^ B and a B" C B' 
so that Pn (resp. \p) is E-constant on B' \ B” and p.{B") < 1/D. 
This last assumption is of course true if pn is given by an function— 
intersect the elements of B with the level sets of the function. We could 
drop this assumption, replacing it by uses of the regularity lemma above, at 
the cost of further complicating the proof. 

We refer to these assumptions collectively as (*). 

For technical reasons, we need a variant of Lemma f5.1.Sl which is essentially 
the result of combining two applications of it: 

Lemma 6.3. Suppose (*) holds. Let E(,, B°, BJ, riii,, L;,, %, St, be given. 

There exists a B^ ^ {^1? ^tt Pi’ ® that, setting 

• m\, = m^(nj,pj^k(t,rj,Etj), 

• % = qb(ratt>Ptt>ktt,r(t,E(t), 

• Ti, = Li,(ntj,ptt,ktj,rtj,Ett), 

• % = S^(nj,pj,ktj,rj,Ej), 

• h = ktt(m^,gb 

if 'fn\) > "Rtt 9b — Pi’ have fejj > m\,, rj > q\,, for every I € [/cjj, \{k^,rf)\ 
At(®Eb,B#,z(^b)) < 1/A and for every s E [rj,^(/ctj,rjj)] < 

1/A- 

Proof. We prepare for the first application of Lemma 15.131 

Let Eo, reo, ko be given. Write f = Eq, uq, kg. We now prepare for a second 
application of Lemma 15.131 
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Let be given. Write * for r^. 

We first define some helper functions: 

• K,r{m,qXs,B^,B^) = ko{m,l^^^,B^,BX, 

• K,B0,B^,m,q^:sX) = s(W(m,g,T,s,^0,i3^),r), 

. k4m^q,ls,B^^BX = 

• 1* = 

• s* = S[,(no,Pt>k*,r*,S|.). 

• m* = rfii,(no,Pt>k*,r*,i3|). 

• q* = ^b{no,Pf,K,%,B^). 

We can now define the functions needed for an application of Lemma 

E 33 ^ 

By Lemma f5.13l applied to Bq, E\,, qp Sj we find such 

that, setting: 


• q\ = 

• % = St(pt>rt,St)> 

if q^ > p^ then whenever B^ ^ B ^ B' ^ r^-, B|), we may set 

= r-^{q^,s^,B,B') and have > q^ and for every s E [r|,S|(rj)], we 
have p{DEi,,B,siB')) < 1/A- 

Note that we have now defined values Bppp r^, s^, all depending 
on I—that is, as functions of no, ko, Bq —as well as functions r*, k*, 1*, s* 
which can be derived from these by the definitions above. 

We now set: 

• Bo(no,ko,A) = B^(rao,Ppk*,r*, A)> 

• mo(no,jco, A) = 

Lo(no,ko,Bo) ^ 

3y Lemma [5.131 applied to {n}, A) A; Bq, mo, Lq, we find Bo, no, A such 
that, setting 


• mo =^mo(ng^,ko,Bo), and 

• lo = Lo(no, ko, Bo), 

if mo > no then whenever Bo ^ B ^ Bo(no,ko,Bo) we may set ko = 
ko(nio, lo, B, B') and then ko > mo and for every I E [ko, lo(feo)], K'^Ei,,B,ii^')) < 

1/A- 

We may now set: 


• A = A> 
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• njj = no, 


• n =PJ^ 

• kjj = k*, and 

• rj = f*. 

We must check that these satisfy the claim. We define the following values 
as specified in the statement of this lemma: 

• = B^(ntj,ptj,k[t,fj,^jj) = Bo(no,ko,eo), 

• m-b = mb(ntt,pjj,k(j,fj,ejj) = mo(mo,ko,^o) = mo, 

• % = q^, 

• Tb = Lb(ntj,ptt,kjj,rjj,.6j) =T*, 

• 

• h = ktt(mb,gb 

. rj = rs(mb,gbJb,%,^b°>®b) = 

of the other quantities we defined above are equal to these values: 


= rt(gt,Sj.,epei) = rjj, 

To = Lo(?T'O,ko,0o) =Tr: 

hi' ^ 


ko, 


• hik) = lb(%,^’tt)’ 

Suppose mb > nj and gb ^ Pi- Then we have Bq ^ B^ ^ B^ = 
Bo(no, ko, ^o), and so /cjj = fco > mo = mb and for every I G [fejj, lo(A:(()] = 


[kiXih^n)], K^Ei„Bt,i{^t)) < VA- 

We also have B^ = B^ ^ B^ = Bj(p|,f|, 0|), so rjj = r| > g^ = gb and for 
every s G [rjj, S|(rjj)] = [rjj,%(%, rj)] we have p{^E^,BtA^l)) < 1/A- ^ 


The following lemma is our first approximation to the final result; it shows 
that we can attain some sort of bound on 


|(pmAs)( 0 ) - {piXq){Q)\ 

when s, I are suitably chosen and much larger than m, g. The remainder 
of the argument will amount to refining the right side of the inequality to 
depend only on E\^. 

Lemma 6.4. Suppose {*) holds. Then for every E\,,D^ < D^,p\,,n\,,lj\),S\) 
there are mjj > rib, gjj >P\,, kj, rjj so that, setting 

• Tb = Lb(mtt,gtt,kjj,rjj), 

• Sb = Sb(mtj,g(t,ktj,f(t), 

• h = kttOb,%); 

• rjj = rtj(Tb,%), 
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• k = lb(A:tt,rtt), 

we have fejj > mjj, rjj > gj, and if 4 > and > rj then for any s S 
[rjjjSb] and I € [k\i,l\,] there are sets and B^~ with fJ-{B~) < 

yL{B^~) < and fi{B^'~) < 2/D^ so that 


{pmAs){^) - <\pmAs\{B ) + \piXg \{B ) 


+ BD^\p^^\{B^n + \Pm,X,\iB°n 
+ BD^\Xg^\{B^’-) + \PiW{S^n + Y^- 


Proof. By (=t:) 4 , for any m,B there are B' B and a B" C B' such that pm 
is Bi?i,-constant on B' \ B” and p{B'') < l/D^. Write B°(B, m) = B' and 
B* ~(B, m) = B". Similarly, for any g, B there are B' '^B and a B" C B' such 
that Xr is Biiii,-constant on B'\B'' and p{B") < 1/-DJ. Write Bf^{B,q) = B' 
and Bl'-{B,q) = B". 

We plan to use Lemma 16.31 We need to dehne Bg(no,po 5 ko, tq, Bo )5 
Bo(n^,Po,ko,ro,i3o), mo(no,Po, ko, tq, Bq), qo(no,Po, ko, tq, Bq), Lo(?^o,Po, ko, fq, Bq 
and So(no,Po,ko,r(^,Bo). 

On input no,Po! ko, fq, Bq) which we abbreviate f, we proceed as follows. 

We plan to apply Lemma 1^31 so we define rn|(m|). 

Let input be given; we abbreviate by X- We plan to apply 

Lemma H31 again, so we dehne q|(g|). 

Let gj be given. We dehne 

• kj,9j(T,s) = ko(m|,g|,T,s,BO(Bo,m|),Bi(Bo,g|)), 

• rt,gj(T,s) = ro(m|,g|,T,s,BO(Bo,m|),Bi(Bo,g|)), 

• g|, k| gj , F| qj), 

• (khgt(^h9t’%,9t)’^^-qt0t,qt>%,9t))• 

By Lemma H31 applied to \Bo\BD^E\), q^, max{p[,,po}) we ob¬ 

tain g| > max{pi,,po} and a set B^’^ C Bq so that p{B^’^) < 1/3D^ and 
for each g,g' G and each a € Bo\ B^’^, < 

l/\Bo\BD^E^,. 

We dehne 

By Lemma 03] applied to \Bo\BD^E\,, 3Z)°, m^, max{n[,,no}, we obtain 
mj > max{ni,,no} and a set B ^ Bq so that p(B^' ) < 1/3D^ and for 
each m,m' G [m\,rii=^{m\)\ and each a ^ Bq \ B^’^, \Pm{o') — Pm'(^)l < 
l/\Bo\BD^E^,. 

We can now set 
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• B[](no,Po,ko,ro,5o) = 

• Bj(reo,Po,ko,ro,5o) = Bl{Bo,q^), 

• qo(?^o,Po,ko,ro,^o) = Qt, 

• mo(no,Po,ko,ro,eo) 

• Lo(no,po,ko,ro,eo) 

• So(no,Po,ko,ro,5o) = 

We apply Lemma lSTHl to BE\,, D^, Bq, Bq, rfio, Lq, qo, So- We obtain no,po,Bo,\<.Q,ro. 

We set mj = m^, = q^, kj = and rjj = 

Set 

• Tb = Li,(mtt,gtt,kjj,r(j), 

• = St(m(j,gtt,kj,rtt), 

• % = kjj(l[,,%), and 

• n = fit(Tb,%). 

Note that % > = mj and rj > = q^. Suppose l\,{k^,r^) > and 

^ ^ ® ^ ^ ^ [%) lb(%>’’#)] b® given. 

Observe that It, = gj, k^^g^, = Ij^g^ and similarly, S[, = s^^q^- 

Therefore = r^^g^(![,,%) = ro{mi,qi,\q^,\q^,B^{Bo,m^),Bl{Bo,qx)) and 
similarly, for ^tj. Therefore, by our application of Lemma 16.31 since mtj > no 
and q^ > po, we have /cj > m^, > q^, for every I G [%,lt,(A:tt,rj)], 

/i(2)BEt,Bo,KB*(^o,"rt))) < and for every s G [rp,%(A:tt, ro)],/r(DB£;^,Bo,s(Bi(^o, ^t))) 

Fix some I G [k^,\{k^,r^)], s G [i’tt,%(A;tt, r#)]. Set B^^ = Bl{BQ,m^), Bl = 

Bl{Bo,qt), B^’- = UB°’-(^o,mt), = ^be^BoAB^) U 

Bl’-{Bo,qt). Therefore p{B^’-), < 2/^b- 

By Lemma 16.21 

o-G(Bo)_n^<a£,o 

b 

and 

E \ipAAA)-ipi*A,)A)\ < y+BD^\XqAB^n+\piW(.s^n- 

If CT G ii3o)x,<BD°,pi<BD° \ (^° ■ U B^-) then we have 
|(pm, * \s){(r) - {pi * Agj)(o-)| < |(pm, * A^)(o-) - {pi * As)(fT)| + \{pi * Xs)ia) - {pi * Agj)(o-)| 

< l<^A.(o-)| • \pm^A) - PiA)\ + l'5p,(o')l • - Agj(o-)| 

^ R vfi _i_U R vfi _i_ 

- ^ ■ \Bo\BD^^E^ + ^ ■ \Bo\BD^^E^ 

2 

~We; 
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Let B- = B^’- U B^’- U U (^o)a.>bdo and B+ = Bo\B-. We 

have 

|(p^,A,)(Q) - {piX,,)m\ = \{pm,Xs){Bo) - {piX,,){Bo)\ 

< \{p„,,Xs){B+) - {piX,,){B+)\ + \pm,Xs\{B-) + \piX,,\{B-) 

< \{p^, * Xs)iB+) - {pi * Xg,)iB+)\ + \pm,Xs\iB-) + \piXg,\iB-) 

+ BD^^\pm,\{B^’-) + \Pm,Xs\{B^n 

+ BD^\X,^\{B^n + \Pi\MB^n + ^ 

<\pm,Xs\{B-) + \piXg^\{B~) 

+ BD^^\pm,\{B^n + \Pm,Xs\{B^n 
+ 5D0|A9«l(^'’") + hA,„|(i3i’-) + |- 


□ 


What remains is a series of lemma in which we choose large enough 

to bound the various terms. 


Lemma 6.5. Suppose (*) holds. Then for every E\),D^ < n[,, L[,, S|, 

there are mjj >n\^, > Pb, k)); rjl that, setting 

• Tb = Lb(mj,gj,kjj,rjj), 

• Sb = Sb(mjj,gj,kjj,rj), 

• h = kttOb,^), 

• 4 =%{h,n), 

• sb = %m,r^), 


we have > m^, r^ > q^, and if 4 > % and Sb > rjj then for any s E 
[r((,Sb] and I E [fc((,4] there are sets B~,B^~, and B^~ with p{B~) < 4/iA°, 
p{B^~) < ‘2'ID^, and p{B^~) < 2/D^ so that 


{Pm,Xsm - {piX,^m < \PmM^B-) + \piX,^\{B~) + \pm,Xs\{B^-) 

+ BD^,\X,^\{B^n + \PiW{B^’-) + 


Proof. Towards the use of uniform continuity, we dehne nio {Dq , mg). 

Let DQ,mo, which we abbreviate f, be given. 

By Lemma Em applied to Eb,D^, max{Do) 44^^})Pb) Lb, Sb we obtain 

mp gp kj, Tj. We define 


rno(Do,mo) = mp 
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By Theorem 14.81 applied to rrio, nt, we obtain Dq^itiq > nt, so that 

whenever m G [mo, mo(-Do)and ^(cr) < I/-D 0 , l/^m(o')| < 

We set m[j = m-j-, = q^, 'k^ = and = f|. Let ![,,%, be as in 

the statement. Let s G rjj)] and I G be given, so for 

appropriate B~, , 


{pm^Xs){n) - {piXq^){Q) <\pm^Xs\{B ) + \piXq^\{B ) 




Since p{B^' ) < 2/L>o, \pm^{B^' )| < 1/BD^E\,, and therefore 
{p^,Xsm - {piXq^m < \pm,Xs\{B-) + \piXq^\{B-) + |p™„A,|(B°'-) 


+ BD'^\Xq^\{B^n + \pi\wn + Y 


as desired. 


□ 


Lemma 6.6. Suppose {*) holds. Then for every E\), D\,,p\,,n\f,Ij\),S\) there 
are mj >n[,, q<^ >P\), kjj, rj so that, setting 

• Tb = Lb(mj,gj,kjj,rjj), 

• % = Sb(mtj,g(t,ktj,r(t), 

• h = ktjOb,%), 

• 4 =%{h,n), 

• ■Sb =%(%Ttt); 

we have /cjj > mjj, rjj > §((, and if 4 > % cmd Sb > r-jj then for any s G 
[r(j,Sb] and I G [/c}j,4] there are sets B~,B^~, and B^~ with p{B~) < ‘^jE)^, 
p{B^~) < ‘llE)\j, and p{B^~) < 2/D\, so that 


{pm,Xsm - {piXq^m < \pm,Xs\{B-) + \piXq^\{B-) + A. | ) + |p;A,J(B^’-) + 


Eu 


Proof. Towards the use of uniform continuity, we define qo(iAo, go)- 
Let DQ,qo, which we abbreviate f, be given. 

By Lemma E3] applied to E\,, D\,,max{D\,, Do},n\,,qo,Ln,,S\, we obtain 
mp gp kp rp We define 

qo(T>o,go) = gt- 

By Theorem 14.81 applied to 4i?iAbLlb, qo,Pb we obtain Dq > D\,,qQ > p\,. 

We set m[j = mp gp = gp kp = kp, and rp = rp, and let lb,%,fep,rp 
be as in the statement, so also 4 = Ip, % = %; % = ~ 









28 


HENRY TOWSNER 


Let s G [r((,%(/cjj,r(()] and I G be given, so for appropriate 


{PmAs){^) — < \PmAs\{lS ) + \piXqA{B ) + |pmjA*|) 


'in 


Ip 




7 


+ BD,\Xq^\iB^n + \Pl>^q,Wn + -^- 


Since p{B^' ) < 2/Z)i,, we have \Xq^{B^' )| < 1/BD\,E\,, and therefore 

(PmjAs)(0) — (p;Agj)(r2) <\pmf,Xs\{B ) + \piXq^\{B ) + \pm^Xs\{B^' ) + \piXq^\{B^' ) + ~ 




as desired. 


□ 


Lemma 6.7. Suppose {*) holds. Then for every Ei,,D\^,p\^,n\,,E\^,r^ there 
are > ri\^, <?() > P\,, kjj; % so that, setting 

• \= 

• h = kttOb^^b); 

• sjj =%(Ti,,rb), 

• 4 lb(^tt5 ^tt); 

we have fejj > m^, if r^, > then sj > r^,, and for any I G there 

are sets B~,B^~, and B^~ with p{B~) < AjD^,, p{B^~) < 2fD\,, and 
p{B^~) < 2/D\) so that 

20 

(p^„A,„)(L!) - (piXq^m) < \piXq^\iB-) + \piXq^\{B^n + 

r^b 

Proof. Towards the use of n/p-metastable uniform continuity, we define func¬ 
tions mo(L>o,m,o,Po,ro) and qo(T>o,'m.o,Po, ro)- 

Let DQ,mo,po,rQ, which we abbreviate f, be given. Without loss of gen¬ 
erality, we assume Dq > D\,. In order to apply Lemma 16.61 we define 

• Sm^,r{k,r') = ro(m|,max{r,r',po}), 


• 1 


m-j- 
m-j- ,k-j- 


7^^ik,r') = l(A:,fo(mt,max{r,r',po})), 


• k r (l,r) = kt(l ^ ,s. 






m-j- 


(4 ?^) = ro(mt, max{r, (1^ ,Sm^,r),Po}) 


mf, 

k 




ri| ,K| m| ,r| 
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We apply Lemma lUlUl to E[„ Dq; niaxjpijjPo}) Lp S| in order to obtain 

Set T-f = L|(mt,gpk|,f|), % = S|(mt, gp k^, r^), = 

and =?|(Tt,%). 

We set 

• mo(-Do,'m.o,Po,ro) = and 

• qo(£>o,"io,Po,fo) = max{fb(mt,gpk^^ -),rt,po}- 

By n/p-metastable uniform continuity we obtain Dq, nio,PO) tq. Set = 
qo(-Do,'"io,Po,fo) and tq = ro(mpgo)- Since qo > po, we have tq > go and 
when fi{B) < I/Dq, \pm^Xro\iB) < l/E^. 

We set mtt = mp g# = Q^, k# = and % = Set = 

rt,(rn|,gtt,ktj,stt), \ = g#,kj,%), sj = = ktj(T[,,rb), and 

h Ib(^tl) '®tt)' 

Observe that 

•h=^ T > 

• S-j- = , 

• go = max{rb,rt,po}, 

• '5(1 = =fo(mt,max{rt,r|,po}) = ro(mt,go) = s,n^^r^{k^,r\) = 

• k =^b(%,S(t) = 4 (^t>^o(mt,go)) = ^{k^,r^). 

We have fcfj > mjj. Suppose ri, > gj; then Sfj = fo(m-|-,go) > go > r\^- 
Let I E be given. Since I E [fc^,l|(/cpr^)] and sj E [rpS|(A:j.,r^)], 

there are sets B~,B^~,B^~ with p{B~) < 4:jDo, p{B^~) < 2 IDq^ and 
fj,{B^’~) < 2/Dq so that 


(p^„A,„)(L!) - (pzA,,)(L!) < |p^^A,J(B-)+|piA,J(B-)+|p™„A,J(^o--)+|pzA,J(B^’-)+ 


?L-^ 


Since mj E [mo, mo(L>o, "?-o,Po, ro)], stt = fo(mpgo), ii{B ) < 4/Do and 
< 2/Do, we have \pm^Xs^\{B~) + \pm^Xs^\{B^~) < 12/E^, so 


(p^„A,„)(L!) - (pzA,,)(L!) < |p;A,J(D-) + |p/A,„|(B^’-) + 


20 


□ 


One more application of the same technique eliminates the last extraneous 
term in the bound, giving the desired result. 

Theorem 6.8. Suppose (*) holds. Then for every E\^,p\^,n\,,'k\f,rthere are 
gjt > Pb; I#? % ■so that, setting 

• h= kb("i(t,9ttJ(t,%), 
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h = \{h.r\,), 

•^tt ®tt(^b) ^b); 


we have 


(Pmj As(|)(ri) (p/j Ag||)(il) 


<^. 

“ ^b 


Proof. Towards the use of p /^-metastable uniform continuity, we define func¬ 
tions qo(T>o, qo, no, ko) and mo{Do, go, no, ko). 

Let L> 0 ) ko, which we abbreviate f, be given. In order to apply 

Lemma 16.71 we define 

• = ko(g,max{A:, fc'}). 


• 1 


*,g,k 


{k, r) = ko(g, max{fe, k(r, 1*,^,^)}), 






• Lt(mt,gt,%,kt) = 1^ 

By Lemma 16.71 we obtain , s^, k^. It is convenient to define 


> Y )’ 


• s* = s r ^ , 

*.9tTt.st 

•k = l r, 

• If = n{mhQh'^*X): 

• k^ = kt(rt,Tt). 

We may then set 

• qo(-Do, Qo, no, ko) = q^, and 

• mo(Do,go,'rao,ko) = max{ki,(mp gp s*, I*), fc^}. 

By metastable uniform continuity we obtain Dq, qo, no, ko. Set mo = mo(Z?0) Qo,no, ko) 
and ko = ko(gpmo). Since niQ > no, we have ko > niQ and when p{B') < 

\Pko^q^\{B ) < l/Llb- 

We set m[j = mp ( 7 j = gp Ij = 1*, sj = s*. Let /ct,,rb,/psj be as in the 
statement. Then since = l*(A:b,rb) = ko(g'p max{A:b,/cj}) = l*_fc^(A:pSj) = 
l|(A:pSj) and f > k^, we have 

(p^„W)(L!) - {piMm < \pM{B-) + \pLXJ{B^n + 


E, 


where p{B~) < A/D\, and p{B^~) < 2/D\,. Therefore \p^Xq^\{B~)+\pi^\\{B^~) < 
12/illb, and so 

32 


(Pmu Asj,)(0) {prXq^){Q) 


< 


E, 


□ 
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7. Quantitative Bounds 

In this section we work out a concrete case of the bounds given by the 
work above, in essentially the simplest non-trivial case. This illustrates just 
how large the bounds above get, and is the result needed in [18] , 

The simplest meaningful case of 16.81 is to swap the order of the indices— 
that is, to show that, for every e, there exist s > m and I > q so that 

\{pniXs){Q) - {piXq){Q)\ < e. 

Our goal in this section is to obtain a bound on I and s under some assump¬ 
tions about the sequences pn and Xp. 

Throughout this section, we make the following assumptions (we use Vd to 
stand in for either some pn or Ap), which are essentially quantitative versions 
of the assumptions (*) above: 

(=f:)® Each sequence {pnXp)p (for fixed n) and {pnXp)n (for fixed p) has 
bounded fluctuations with the uniform bound 
{*)2 For all Pm, ojp^{E) < E2^ and for all Xp, u)\^{E) < E2P, 

(*)? \Wd\\Li < B for all Vd, 

(=f:)® For any E, D, any Ud, and any B, there is a B' B and aB" Q B such 
that I'd is F-constant on B', p{B'') < 1/D, and \B'\ < 2BDE\B\. 

The last condition is exactly what we would expect if Vd were the Radon- 
Nikodym derivative of an actual function—we just take B” to consist 

of the points where the underlying function has large absolute value, and 
B' to consist of approximate level sets. We refer to these four assumptions 
collectively as (*)^. 

We will say that a function f{x) is: 

• Polynomial if there are a, h, c so that f{x) < ax^ + c for all x, 

• Exponential if there are a, b, c, d so that f{x) < for all x, 

• Double exponential if there are a, b, c, d so that f{x) < a“ for all 

X. 

We say a function of multiple inputs, /(xi,... ,Xn) is polynomial (resp. ex¬ 
ponential, double exponential) if there is a polynomial (resp. exponential, 
double exponential) function f'{x) so that for all xi ,..., x„, /(xi,..., x„) < 

We will briefly need to keep track of functions which are polynomial in 
some inputs and exponential in others; we say /(x; y) is poly-exp if there are 
a, b, c, d so that for all x, y, f{x; y) < (ax)^^''^'^. We say a function of mul¬ 
tiple inputs, /(xi,..., Xn', 2 / 1 ,..., ym) is poly-exp if there is a poly-exp func¬ 
tion f'{x-,y) so that for all xi,..., x„, yi,.. . ,ym, /(xi, ...,Xn,yi,.. ■ ,ym) < 
f'illi Xi-,T\jyj). 

Lemma 7.1. [Bounds for Lemma \4.5]l Suppose (*)*^ holds. Then there is an 
exponential funetion ao{B, D\), E\,) so that for every D\), E\,,B\,,m\,,n\) there 
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is an mjj S [nt,, such that, taking 

B = {a eB\, \ for every m,m' € {vm - < 1/-Eb}, 

we have fJ.{B) > (1 — /D\,)^{B\,). 

ln(l- ^ .. ) 

Proof Set ao(i?, A,4) = • 

In the proof, = 2^B‘^E^ and 

r ln(l/A) n 

' ln(l - 1/4^2A^) ■ 

One can check that grows less quickly than 

g(25_B2£;2)2^ so we can bound ao(-B, A) A) by , which has the 

specihed bounds. □ 

We will often need the quantity ao{B, 3A) 3A) + 1) which we abbreviate 
a(i?, A) A)- ® is also exponential. 

7.1. Bounds on Regularity. The next few lemmas give bounds on (cases 
of) the various forms of the the one-dimensional regularity lemma, culmi¬ 
nating in bounds on a special case of Lemma 15.131 
We first note the function 

. bo(R, A, A) = 2^0A"+ 2 '*A'A'A. 

which appears in the proof of Lemma 15.111 this is essentially the bound 
on the number of iterations needed in that argument. It turns out we will 
mostly need 

• b(R, A) A) = i’(-S)3A)3A)- 

Both of these functions are polynomial. 

There are two major simplifications in this special case which will make 
it much easier to find bounds on the various sequential versions. The first 
is that we will fix, throughout this subsection, a constant zq so that all 
the functions B[,, B°, and Bj will satisfy the bound |Bi,(--- ,B)\ < .zqI'SI, 
independently of other parameters. Along with this, we will assume that 
we always apply our lemmas with |A| < 

all partitions B appearing in the proofs in this subsection satisfy \B\ < 

{b{B,Di„Ei,)+2)b{B,Di„E,) 

Zq 

The second simplihcation is that we have a fixed function u : N —>■ N, and 
all the functions we deal with will be bounded by, roughly, iterations of u 
above some base value. Abstractly, we say: 

• A function m(n) is u-bounded by c above n_ if m(n) < u'^(max{n, n_ 

• A function m(n, k) is u-bounded by / above n_ if whenever k is 
u-bounded by c above n_, ni(n,k) < (max{n, n_}). 
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Note that this second clause allows us to iterate if we interpret c as being 
itself a function and / as a higher order functional. We try to limit the 
quantity of special cases we need to deal with, but it will be helpful to 
generalize the second clause to the case where there are two input functions: 

• A function m(n,k,f) is u-bounded by / above n_ if whenever k 
is u-bounded by c above n_ and r is u-bounded by d above n_, 
m(n,k,r) < u-^('^’'^)(max{n, n_}). 

For consistency with the later arguments, we find bounds for Lemma 15.111 
with the values 3D\^ , 3E\^. 

Lemma 7.2. [Bounds on I5.ii|/ Suppose that holds. There exist poly- 
exp functions c(o; B, D\^,E\^) and t)(a; B, D[,, E[,) so that whenever zq, n-,a, b, A.[,, E[,, 
and Bt, are given such that: 

• lAI < 

• For all in, B, |Bt,(ni, i3)| < zol-SI, 

• The function (n,k) i-A- s\xpQ^Q^Q.^in'g{n,\i.,BQ,Bi,Bi) is u-bounded 
by f(x) = ax -\- b above n_ (where the supremum ranges over parti¬ 
tions refining A\, and satisfying \Bi\ < 

there exist B^ ^ A\j, n^, and kj such that: 

• nj < 

• The function n i-A- supg k[j(n, ;S) is u-bounded by c{a; B, D\,, E\,)b 
above nj (with the supremum ranging over the same partitions as 
above), 

• Whenever B^ :<B<B'< 'B\,{in^,Bf), setting m\, = m\,{n^,'k^,B^,B,B') 
andk^ = 'k^{m\),B'), ifm\, > then we havek^ > m\) and fi{D 3 Ei,,B,kfiB')) < 

1/3A- 

Proof. If we ignore the bounds, this is essentially Lemma 15.111 applied to 
A) SA) 3Zli,,mi,, B|,. We obtain bounds by examining the proof of Lemma 

Em 

The main step in the proof is the construction of the sequence of functions 
kj, with kjj bounded by First, note that when A = A\,, each el¬ 

ement in the sequence of partitions constructed in the proof satisfies A+i ^ 

Bt,(mo, kj, A)) so we have |A| < ™cl so \B^\ < |Al- 

We show inductively that kj(m, B) is u-bounded by (a -|- 2)*6 above n_. 

Clearly ko(m, 0) = m = u*^(m). When ttiq > n_, we have 

kj+i(mo,I3) = ki(mt,(mo,kj, A,'S,;B')) 
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It suffices, in the last step, to work with i = b{B, D\,, E[,) and tuq = n_, so 
kj = is u-bounded by (a + above n_; we see that this 

bound is poly-exp of the right form. For the largest value that might be used 
for Ujj, take the values no = n_, Uj+i = and 


observe that = rii for some i. Since rii < 


J2 ■<i a(a+2)‘’(^’'°b'3®l-)-»b+6 


(n-), 


we see that the bound c)(a, 6; B, Di,,E\,) = J2j<i + '^b + b also 

has the promised size. □ 


Lemma 7.3. [Bounds on \5.1‘J^ Suppose (*)*^ holds. Then there exists a poly- 
exp function e(a; B, D\),E\)) so that whenever zq, n-,A\,, E\),D\), B[,, n[,, Lt, are 
given such that: 

• \Ai,\ < 

• Forallin,B, \B\)ijn,B)\ < zq\B\, 

• For all n, k and all B Ai, with \B\ < the function 

k Ij\^{n,k,B){k) is u-bounded by 1 above max{n_, n, m|,(n, k, ;B)}, 

• The funetion (n, k) i-b- supg mi,(n, k, .S) is u-bounded by f(/) = 
a/(l)-|-6 above n_ (where the supremum is over suitable B as above), 

there are n^, B<^ and ffijj such that: 

• \B^\ < ^0 lAI; 

• nj < 

• kjj is u-bounded by f{x) = a{B, D\,,E\,)x + e(a; B, D\,,E\,)b above n^, 

• Setting m\) = ru[,{n\j^,'k^,Bf) and\\) = L[,(n,m, .S), ifm\) > nj then for 
any B^ < B < B' < 'B\j{n^,'k.^,Bf), setting k^ = ^^‘^{m\),\,B,B'), we 
have % > mt, and for every I G [k^Abih)]’ E^„B,k{B')) < 1/A- 

Proof. We examine the proof of Lemma 15.131 Suppose we have been given 
no, A) and a ko which is u-bounded by y above no. 

Suppose we have also fixed li, which is u-bounded by x above maxjno, n_} 
and a B' F B y Bo with \B'\ < Zq^^'^'’'^^\A\,\. The function m i-)- 
l[,(ko(nr, 13')) is u-bounded by y -|- x above max{no,n_}. The function 


is obtained by applying Lemma lTSl with 3T>t,, 3A, and is therefore u-bounded 
by ao{B, 3A) 3A)(y + x) above maxjno, n_}. 

The function (m, 1|,) i-)- therefore u-bounded by fy{x) = 

Oo(i3, 3A) 3A)(2/ + above max{no, n_}, and so 

(m, li,) 1 -^ sup k^{mAb,I3,B') 

B,B' 


is bounded by f({x) = ao{B, 3A, 3A)(y + x)+y + x = a{B, A, A)(y + x). 
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The function (no,ko) i->- supg mi,(no, kj-, is therefore u-bounded by 
afy{l) + b = a{B, Di,,E\,)a{y + 1) + 6 above n_. This at last lets us consider 
the function rrio: it is u-bounded by 

f"{y) = E\^)a{y+l)+b+ao{B,3D\^,3E\,){y+l) < a{B, D^,, E\,){a+l){y+l)+b 

above n_. 

We are in the setting of the previous lemma where (n, k) i-A supg^^ k, Bq, Bi 

is u-bounded by f"{y)] rewriting f"{y) as a linear function, 

f''{y) = D\),E\)){a + l)y + a{B, D\), E\)){a -|- 1) -|- 6. 

Therefore ko is u-bounded by 

c(a(-B, D\,,E\,){a + 1); B, D\,, E\,)(a{B, D\,, E\,)(a -|- 1) -|- 6) 

and 

The function kjj is therefore bounded by 

fc{a{B,Di„Ei,)ia+iy,Di„E^)(a{B,Di„E^){a+l)+b)i^)^ 
which has the specified form (in particular, it is linear in b, polynomial in a 
and exponential in B,Di,,E\,). 

Similarly = no is bounded by 

which also has the specified bounds. □ 

7.2. Controlling Intervals. In this subsection we obtain bounds on a spe¬ 
cial case of Lemma 16.41 We continue to work with a fixed function u. 

Lemma 7.4. [Bounds on \6.,‘^ Suppose (*)® holds. There are poly-exp fune- 

tions f(p; B, D\,,E\f) and q{p] B, D\,,E\,) so that whenever z, p, n-,D\,, E\,, B°, BJ, ni[,, Li,, 

and St, are given sueh that: 

• For all n,p, B, k, r and i G {0,1}, |B^n,p, k, r, B)\ < z\B\, 

• rn|,(n,p, k, r, 0) is u-bounded by 1) above n_, 

• %(^)P)k, r, 0) is u-bounded by p{f{l,l) + g{l,l) + 1) above n_, 

• For any n,p,B,'k,v, the funetionm 'L\,{n,p,'k,r,B){m,q) does not 
depend on q and is u-bounded by 1 above max{n_, n,p, ni[,(n,p, k, r, B), 
%(n,p,k,r,e)-(-1}, 

• For any n,p,B,\i,r, the function q S\,{n,p,\i,r,B){m,q) does not 
depend on m and is u-bounded by 1 above max{n_, n,p, ni[,(n,p, k, r, B)+ 
l,4(n,p,k,f, B)}, 

then there exist B^, njj, pj, kjj, and rjj such that: 

• \Bq\ < z^^^B\iFb){KB,D\,Fb)+‘^)^ 

• njj < 

• P(j < 

• kjj is u-bounded by a{B, D\,, E\,)x+ f{p; B, D\), E\,) above max{ntj,ptj}, 

• rjj is u-bounded by a{B, D\,, E\,)y + g{p; B, D\,, E\,) above max{n^,pf^}, 
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Proof. We need to first analyze the inner application of Lemma 15.131 Sup¬ 
pose we have fixed Bo,no, and ko so that \Bo\ < and 

ko is u-bounded by hi{x) above max{n_,no}- 

Suppose we are given with \B^\ < and rj- is u- 

bounded by h 2 {y) above max{n_,no,Pf}• 

We note bounds on the various helper functions under the assumption 
(as will turn out to be the case) that l(m, q) does not depend on q and is 
u-bounded by 1 above max{n_,no,Pf}, and that s{m,q) does not depend 
on m and is u-bounded by 1 above max{n_, no,Pf}. 

• 1^^ does not depend on r and is also u-bounded by 1 above max{n_, no, 

• k*^r does not depend on q and is u-bounded by /ii(l) above max{n_, no, 

• m qls u-bounded by 1 above max{n_, no,Pt}, 

• r* is u-bounded by h 2 {y) above max{n_,no,Pf}, 

• k* is u-bounded by hi{x) above max{n_,no,Pf}, 

• l*(m, q) does not depend on q and is u-bounded by 1 above max{n_, no, 

• s*(m, q) does not depend on m and is u-bounded by 1 above max{n_, no 

. \B%\Bl\<z\Bl 

• m* < u^(^i(^)'''^2(i)-i-i)(iiiax{n_,no,Pf}), 

• (max{n_,no,Pf}). 

We now see that is u-bounded by Qh^ (/ 12 ) = p{hi{l) -|- / 12 (1) -|-1) above 
max{n_,no} and 

r ^ St(ppSpqt)(r) 

is u-bounded by 1 above max{n_,no,Pf}. 

When we apply the previous lemma to z, 0o, q-f, Sj, we obtain 

B^,p.\,r^ such that: 

• l-Bfl < 

• is u-bounded by a(il, -|-e(p; i?|,)p(/ii(l)-|-1) above 

P\- 

We now turn to the outer application of Lemma 15.131 rrio is u-bounded 
by 

p{hi{l) -|- (i{B, D\,,E\^)1 + t{p\ B, !)[,, Ei,)p{hi{l) -|- 1) -|- 1) 

=phi{l) + pa{B,D\,,E^) + pz{p;B,D\,,E\,)p{hi{l) + l)+ p 
=pa{B, D\), E\,) + p^t{p] B, Di,,E\,) + p + {p + p^t{p] B, Di,, E\,))hi{l). 

For any no,ko, the function k Lo(no, ko, ^o)(fc) is u-bounded by 1 
above max{n_, no,Pf}• Therefore by the previous lemma applied with zq = 
z'^^B,Di,,Ei,)+i^ we obtain .So,no,ko such that: 

• kjj is u-bounded by a{B, D\,, E\^)x+z{pa{B, E\,)+p‘^z{p; B, D\,,E\,)+ 

p] B, E^,){p + p^e{p] B, D^,, E[,)) above max{n_,no}. 
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We obtain final bounds with: 

• l^ttl < 2^’(^>W.Eb)(b(^:-Db.Eb)+2)^ 

• njj = no < 

• P(j = Pf < 

• kjj is u-bounded by a[B, D[,^ E\))x+^{p] D[,\E[,) above niax{n_, n(j,p{j}, 

• rjj is u-bounded by o(i3, !)[,, E\))y+Q{p] D[,]E\)) above niax{n_, n(j,p((}. 

□ 


Lemma 7.5. [Bounds on \6.4^ Suppose {*)^ holds. There is a double ex¬ 
ponential funetion \{B, D[,E\)) so that for any n\),p\)., , E\),u sueh 

that: 


• u(m) > m for all m, 

• For any m, g,k,r, the function k i-b- L[,(m, g, k, r)(fc, r) does not de¬ 
pend on r and is u-bounded by 1 above ma,x{n\,, p[,, m, q + 1}, 

• For any m,g, k,r, the function r i-b- Si,(m, g, k, r)(A:, r) does not de¬ 
pend on k and is u-bounded by 1 above max{n\,,p\),m \,q}, 

there are mjj >n\), gjj >p\), kj, and rj sueh that: 

• mo < u'^^’^°’^^’^^\max{n\,,p\,}), 

• qj < u‘(^’^°’^^^^)(maxH,p,}), 

• kjj is u-bounded by a{B, BE\,)x+i{B, E\,) above maxjmo, q^}, 

• rjj is u-bounded by a{B, D^, BE\,)x+i{B, D^, E\^) above maxjmo, q^}, 

• Setting 4 = Li,(mo, go, kjj, r«); % = Si,(mo, go, ^o, ro), % = ko(lb,%) 

and ro = ro(lb,%), we have k^ > m^, ro > go, and if l\, > k^ and 
Sb > ro then for any s E [ro,%(fco, ro)] and I E [/co, lb(%, ro)], there 
are sets B~, , and B^~ with p{B~) < 4:/D^, p{B^’~) < 2fD^, 

and p{B^~) < 2/D^ so that 


{pmf,Xs){Tl) - {piXq^){n) <\pm^Xs\{B ) + \piXq^\{B ) 


+ BDb°IP-J(^°’-) + |P-bA,|(^°’-) 

+ BD^,\Xq^\{B^n + \PiW{B^'-) + 


Proof. We examine the proof of Lemma 16.41 

The functions B* are particularly simple: |B^(;S, •)! < 2D[B‘^E\^\B\ no 
matter what the second input is. This means that when we apply the previ¬ 
ous lemma, we will do so with z = 2D[B‘^E\,, which means that the set Bq 
we ultimately consider will have \Bq\ < 

We write \]o{B,Dl,E^) = ,SEb)+2)^ 

Suppose that, as in the proof, we are given no,Po, ko, ro, ■So with \Bq\ < 
f)o(B, D[,E\fj, ko is u-bounded by hi{x, y) above max{nb,Pb, ™o,Po}, fo 
is u-bounded by h 2 {x,y) above max{nb,Pb,™o,Po}- 
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Suppose we are further given the values and qp Then 

• is u-boundedby 1 above max{nt,pt., no,po, "if, 9t+ 

• is u-boundedby 1 above max{n[,,pi,,no,po,?nt+ 

• kj,qt(lt,qt>%,9t) = ko(mt,gt,lt,qj,S|,gj,...) is bounded by u''i(^’^)(max{ni,,Pb,no,Po,?nt+ 

1 , Qt + 1 }), 

• fJ, Spq ^) = ro (m^, 91 ,Tj,gj, , • • •) is bounded by (i,i) (maxjnb, Pb, no, Po, n^t+ 

1 , Qt + 1 })) 

• qj is u-bounded by 1 + h2(l, 1) above max{nb,Pb, no,po, ni-j- + 1}. 

Since the value is obtained by an application of Lemma 03] to qj, it fol¬ 
lows that 9j is bounded by no,po, rn^+ 

1}). We write 6 for ao(-B, 3L)°, f}o(-B,-Db,-Eb)-SDb-^b); note that 6 is ex¬ 
ponential in and double exponential in B, and E\), and we have 

9j < u'^(^+^2(i,i))('j^a,x{nb,Pb,no,Po,m,j 1}). 

In particular, the function !->■ q^ is u-bounded by 0(1 -|- /i2(l, 1)) -|- 1 
above max{nb,Pb, no,po}- 

Given mp the value kj^q^ (Ij.qj, r|,gj) is bounded by u^i(id)-i-6'(i-i-^2(i,i))(max{nb,Pb, no,po, m-^+ 
1}), so m-|- is u-bounded by 2+hi{l, l)-|-0(l-|-/i2(l, 1)) above max{nb,Pb, no,Po}- 
Therefore is bounded by (|j^a,x{nb,Pb,no,Po})- 

We now prepare to apply the previous lemma: 

• Each Bq satisfies |BQ(no,Po, ko, ro, I3o)| ^ z \Bol 

• mo(no,Po,ko,ro,,Bo) is u-bounded by 0(2-|-1)-|-0(1-|-/i2(l, 1))) 
above max{nb,Pb}, 

• qo(no,Po,ko,ro,;Bo) is u-boundedby 0(2-F/ii(l, l)-F0(l-hh2(l, 1))) + 

0(1 -|- ^2(1,1)) above max{nb,Pb}, 

• For anyno,po,ko,ro,,Bo, the function m >-)■ Lo(no,Po, ko, tq, ,Bo)(ni, 9) 
does not depend on 9 and is u-bounded by 1 above max{nb,Pb, no,Po, ?R-t’ 

• For any no,Po, ko, tq, ;Bo, the function 9 i-> So(no,Po, ko, tq, ;Bo)(m, 9) 
does not depend on m and is u-bounded by 1 above max{nb,Pb, no,Po, ?R-t+ 

This puts us in the setting of the previous lemma with p = 0^ -|- 20 -|- 1, 
so we obtain 

• no < U'^*'^’'®’'^^^®'’^(max{nb,Pb}), 

• po < u^(^’-®’-^t’^®^)(max{nb,Pb}), 

• ko is u-bounded by a{B, D^, BEi,)x+f{p] B, D^,BE\,) above max{n[,,p[,, no,Po}, 

• ro is u-bounded by a{B, D^, BE\^)y+Q{p] B, D^,BE\,) above max{n[,,pi,, no,Po}- 

Therefore, plugging hi{x,y) = a{B,D^,BEi,)x + f{p;B,D^,BE\,) and 
/i2(x, y) = a{B, D^, BE\,)y + q{p; B, D^, BE\,) in to the equations above, we 
obtain the desired bounds: 
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• kjj is u-bounded by a(-B, D^,BE\))x+\{B, D^,E\,) above max{mjj, gjj}, 

• fjj isvL-houndedhy a{B,D^,BE\,)x+\{B,D^,D^,E\,) above max{m((, qjj}. 


□ 


7.3. Fast Growing Functions. At this point our bounds start growing 
much more rapidly. Suppose we have fixed a function u. We define: 


. C = 2^^B^E^, 


E2’"+5,SE)C2+i(_B,E2"‘+5,E2”‘+5,E)C 



(m). 


We will ultimately be interested in the case where u = sue where suc(m) = 
m + 1. Observe that in this case, 'Wi^snc,E is triply exponential, W 2 ,suc,e(r 1 ') 
is a tower of exponents of size roughly triply exponential in m. To express 
the bounds more generally, recall the fast-growing hierarchy: 

• fo{m) =m + l, 


• fj+iim) = 


Then we have 

Lemma 7.6. There is a c so that for all j, m, E, B, Wj,suc,E( ir) < /2j+i(i7i+ 
E + B + c). 

Proof. Since a{B, E2^+^,BE)C‘^ + i{B, F2™+^ F2"*+^ is triply expo¬ 
nential in m while /a is tower exponential, there is a c so that for all m, E, B, 
a{B,E2^+^,BE)C^+ i{B,E2^+^,E2'^+^,E)C < fsim + E + B + c). (In¬ 
deed, c = 5 suffices.) 

When j = 0 the statement is immediate, since wo,suc,e(i7i) = m -|- 1 < 
fsim + c). 


Suppose the claim holds for j. Then Wj+i^suc,E(iR) 


-a(R,E2’"+5,SE)c2+i(S,E2’"+5,E2”*+5,E)C 

W . ^ 

J,u,E 


Then 



_a{B,E2^+^ ,BE)C‘^+i{B,E2^+^ ,E2’^+^ ,E)C 


m 


< (m + E + B + c) 

— + E + B + c) 

= / 2 j+ 3 (^ -|- F -|- i? -|- c). 


□ 


7.4. Bounds on Uniform Continuity. Before continuing, we need bounds 
on Theorem 14.81 and Theorem 14.Ill 
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Lemma 7.7. [Bounds on Theorem \4.8]l Suppose {*)^ holds. Let E\,,D\,,n\) 
be given. Suppose ,mo) < v(mo) for all mo > max{n[,, In!)[,}. 

Then there is an (max{ni,, In Dt,}) such that, setting = 

2™# > D\,, for each m € [m^,in{D^,mf)\, whenever p{a) < l/D^, |t'm((T)| < 
l/E,. 


Proof. Examining the proof of Theorem 14.81 the function m(mo) is just 
in\,{E\,2'^°~^^,mo), which is bounded by v(mo). The sequence of values 
are given by mo = maxjnt,, InDi,} (to ensure that > D\,), mj+i < 

in\,{E\,2'^^~^^,mi) < v(mj). Since we have bounded fluctuations, we need 
only consider 77127 ^ 2 £; 2 , so mtj < (max{n[,, InZ);,}) as claimed. □ 

t> 


Lemma 7.8. [Bounds on Lemma \4.10\l Suppose {*)^ holds. For any d, E\,, m|,, %, n;,, pi, 
such that: 

• For any D,m,q,r such thatr isw-i^ p, -boundedbyC above mayi{m,q,\n.D,n\),p\) 


212^4^4 

m^{D,m,q,r) < ^ .^^^J,^{may.{m,q,\riD,n\,,p\,}), 

• For any D,m,q,r such thatr isw-i^ p -boundedbyC above ma.yi{m,q,In D,n\.,p\. 

J, ll,TL'[j 

2 I 2 ^4^4 

4(L»,m,g,r) < ^.^^^J,^{may.{m,q,\aD,n\,,p\,}), 


there exist D^,m^> n\,,q^> p\),ri^ such that: 


• ^ ’^S29R2e2)-_^^(max{nb,pb}) 

• ^ ^52952^2)-^^(max{nb,Pb}), 

. = E^2<L+\ 


• rj is -bounded by 1 above m.a.yi{m^,q^,n\„p\,}, 

and, setting m\, = rn\,{D^,m^,q^,rf), if qi, = %(L>jj,mj,g#,rj) > gj then 
rj = rjj(mt,,gi,) > gi,, there is a uq such that whenever p{ao A cr) < 

\ {Pni^Kf[){(y)-{Pm^K^){cr)\ < 4/Eb, and whenever pL{a) < 2/D^, |(pmjA^j)((T)| < 


I/IGE^. 


Proof. We need the following inductive hypothesis: for each i, D, n, p there is 
a function which is ^ -bounded by C above max{n,p, In D, n[,,pt,} 

so that for each m, g, either: 

• There exist Dj, mj, gjj, rj satisfying the conclusion of Lemma 4.10 
with: 

- mtt < w^.A^^^(max{m,g,n,p,nt,pJ) 

- gtt < w^.^^^^(max{m,g,n,p,nt,pi,}), 

- D^ = E^2^i+\ 

- rji is -bounded by 1 above max{mjj, gjj, m, g, n,p, nt,,pt,}, 

or, 

• one of the other cases in the proof Lemma 4.10 holds. 

For ro,D,n,p(Ri, q) = Q this is immediate since g < u(g) for all g. 
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Suppose we have shown that for every D,n,p, ri^£)^n,p is -bounded 

by C above max{n,p, In We now attempt to bound Let 

212^4^4 

m,gbe given. Observe that m, L ^Jmax{g*, In D*, m, g, n,p, n^,Pb}) 

and similarly for qi,, so 


9 I 2 d 4 rt4 I 1 

r*{D*,q*) < (max{g*, In D*,m, q, n,p, In D -h In 2, n^, Pi,})- 


In particnlar, 




q*) < ^'’'^\max{q*+lnE^+l, m, q, n,p, In D-^ln 2, n^,Pb}), 


so bv Lemma l7.7l aDDlied to 16E\) weobtaing* < ^ (™ax{m, g, re,p, In Z?, nt,,pt,}) 

and D* = E\,2^'‘+^. Then 

Yi+i,D,n,p{m,q) < w^^.^^^-g^(max{m,g,n,p,lnD,nb,Pb})- 
as required. 

We also need to bound the possible witnesses Dj, mj, gjj, rp. We take 
m' = m\,{D*,m,q*,Ti^D*,m,q*) and q' = d^\,{D*,m,q*,Yi^D\m,q*), and have 

m',q' < w^^._^^^-^^(max{m,g,re,p,lnZ),reb,Pb})- 

In particnlar, when we apply the inductive hypothesis to , q'), 

we potentially obtain L)p,mp,gp,rp with 

^ w^j^^^Jmax{m',g',m,g*,lnL>*,nb,Pb}) < w^(^_^^)-^(max{n,p,m,g,lnD,nb,Pb}) 

which satisfies the promised bounds. 

If we choose mp = m, gp = <?*,Z)p = Z)*,rp = ri^£)*^m,q* then again the 
promised bounds hold. 

In the proof, we work with 

r*{D*,q*) = r29B2E^,D*,l,q*i'’^h{D*, 1, q*, T^ 2 ^B^E^,D*,l,q*)^^\>i^* ^ 1 ) Q* : '’‘^ 2 ^ B^ E^ ,D* ,l,q*)) ■ 

In particular, as above 

9 I 2 d4 Z7'4_|_i 

?*{E^2'^ +^g*) < w^^29B2E2+i)-^^(max{g* TlnZlb -h l,nb,pi,}) 

228^6^6 

and therefore when we apply Lemma [777l to 1QE\) we obtain q* < ^ ^^ 2 ^Q 2 E'i-\.i) h e 
In particular, whatever case we are in, we have the specified bounds. □ 

Lemma 7.9. [Bounds on Lemma \4.11]l Suppose (*)Q holds. Let d, E\,,n\,,p\,,ni\,,q^,,d 
be given so that: 

• For any D,m,q,r such thatr is ^^-bounded by C above max{m, q, In D,n\,,p\,}, 

212^4^4 

mb(L>,m,g,r) < w.^^.^J,^{max{m,q,liiD+,n\,,p\,}), 

• For any D,m,q,r such thatr is w^i^^^-bounded by C above max{m, q, In D,n\),p[,}, 

212^4^4 

4(L»,m,g,f) < w .^^^^J,^{max{m,q, In D,n^,p^}), 

Then there are Dp,mp,pp,rp so that: 
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• «« ^^S29R2s2)-^(maxH,pJ), 

. Di = ^b2«+5, 

• f(| is w^^ 29 B 2 E 2 )^^^-^ownded by 1 above ma,x{m^,q^,rn,,pi,}, 

• -(fmb(^tt’"^tt’9tt>^tt) ^ ^-tt a7^c^4(-Dtt,mtt,Ptt,f(j,m) > thenr^{mi,{D^,m^,q^,r^),^i,{D^,m^,p^, 

4 (Z)„,m„,pj,ftt) and for any a with p{a) < 1/D^, 

Proof. Theorem 14.111 follows by applying Lemma [4.101 to 4£'i,, m|,, p;,, 0,0. 

Lemma 17.81 is already the 4L1|, case, so we simply apply the previous lemma 
to obtain the desired bounds. □ 


7.5. Refining the Bounds. 


Lemma 7.10. [Bounds on \6.3f Suvvose 1*W holds. Let E\^, < D[,n\,,p\j,'L\),S\) 

be given so that: 

• For any m,q,k,r, the function k i->- L[,(m, g, k, r)(A:, r) does not de¬ 
pend on r and is Wj^ ^^-bounded by C above max{ni,,pi,, m, g + 1}, 

• For any m,q,'k,r, the function r i-b Si,(m, g, k, r)(fc, r) does not de¬ 
pend on k and is Wj-^^^-bounded by C above max{n[,,pt,,m + l,q}. 

Then there are mjj > ni,, q^ > P[,, k[j, and ?[( such that, setting cj = 

27 

(™ax{ni,, pb, In D[}): 

• m^< w^-+i,u,s^(c«), 

• qj< ^j+i,u,EM)> 

• kjj iswji^^^-bounded by a{B, , BE\,)Cx+\{B, , E\,)C 

above max{m[(, gj}, 

• n -bounded by a{B, E^2^i+^, BE^)Cx+\{B, D^, E^2‘^i+^, E^)C 

above max{m[j, gj}, 

• Setting ![, = gp, kj, rj), % = Si,(mp, gp, kp, rp), % = kp(lb,st,) 

and rp = rp(lp,%), we have /cp > mp, rp > gp, and for any s G 
[rp,sp(A:p,rp)] and I G [A:p,lp(A:p,rp)], there are sets B~, and 

B^'- with p{B-) < 4/DO, p{B^'-) < 2/L»o, and p{B^’-) < 2/0] so 
that 


{pm^Xs){n) - {plXq^){n) <\pmt>^s\iB ) + |p/AgJ(^ ) + {pm^Xs^B' 


■ 0 .-^ 


+ BD^\Xq^\iB^n + \pi>^,Ms^n + Y- 


Proof. This lemma and the next amount to combining Lemma 16.41 with 
Theorem 14.81 

Note that being w^-^^^-bounded by C is the same as being 
bounded by 1, so the lemmas in the previous subsections apply. Suppose 
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we have fixed Dq > and mo > Let cj = 

In particular, mo(^[,2™°+5, mo) < ’®^^‘^(mo) < w^+i,u,Eb ("^o)- 

22^2^2 

Applying the Lemma EH mo < w ^ ^ ^ (max{n[,,pt,,lnZl[)}). Setting cjj = 

32^2 p^2 

^j+iuE 111the remaining bounds follow from the previ¬ 
ous subsections. □ 


Lemma 7.11. [Bounds on\U^ Suppose {*)^ holds. Let E\,, D\,,n\,,p\,,'L\,,S\^, 
u, be given so that: 

• For any m,q,h,r, the function k i-)- L[,(m, g, k, r)(A:, r) does not de¬ 
pend on r and is bounded by C above max{n\,,p\,,m, q + 1}, 

• For any m,g, k,r, the function r i-)- Si,(m, g, k, r)(A:, r) does not de¬ 
pend on k and is Wji^^^-bounded by C above max{ni,,p\,,m + !,(?}• 

Then there are mj > n\), q^ > P\,, kj, and rjj sueh that, setting cj = 
2ii E‘*‘ 

(™ax{nb, pb, In Db}) •■ 


^ _32R2r2+i 
^ 32 B 2 e 2 +i 


• kjj is'w-i^^^-houndedby a{B,F\,2^'i~^^,BF\f)Cx+\{B,D\),F\,2'^'i~^^,F\,)C 
above m.ax{m^,q^}, 

• rj is i^.-^^^-bounded by a{B, BF^)Cy+i{B, D^,, , F^)C 

above m.ax{m^,q^}, 

• Setting \ = Lb(mtt, gp, kj, rj), % = S[,(mtt, gj, k#, rj), % = ktt(Tb,%) 

and r^ = so that k^ > m^, r^ > q^, and for any s € 

[r^,s\,(k^,r^)] and I G [k^,l\,{k^,r^)], there are sets B~, and 

B^’- with p{B-) < 4/DO, p{B^^-) < 2/D^, and p{B^'-) < 2/0] so 


that 


{pm,Xs)m - ipix,,)m < \pmM>3~) + \pix,,\iB-) + \p^,x,\iB^n + \pix,^\iB^n + 

n/b 


Proof. We again combine the previous lemma with Theorem 14.81 

The function go ^o{E\,2i°~^^, qo) is bounded by w^^^|f^'''^(max{go,ln(Si,2'io+^),n[,,pi,, In Z)],}) < 

32 B^ E^-\-l 2 ^^ 

(™3'^{”b,9o}), SO by LemmaOwe have go < ^^^Jmax{nb,pi,, In A}). 

Again, the remaining bounds follow from the previous subsection. □ 

Lemma 7.12. [Bounds on \6. 7| / Suppose holds. Let F\),D\,,p\,,n\),F\,,Y\, 
be given so that: 

• For any m,g,k,s, the funetion k i-)- Lt,(m, g, k, s)(A:, r) does not de¬ 
pend on r and is u-bounded by 1 above max{n[,,p\,,m, q + 1}, 

• For any m, g, k, s, r[,(m, g, k, s) = m -|- 1. 
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Then there are mjj '>n\,,q^ > Pb; k}j)% sueh that: 

2 I 2 

• A,nb,Pb}); 

212^4 

• kj *s W29g2£;2+i_u^£;|^-^OMn(iec? 6?/o(i?, i?|,2'^t+5, i?ii;[^)C'x+i(i?,-Di,, i5^l,)C 

above max{m^,q^,lnD\,,n\f,p\,}, 

• % W2952E2+i,u,£^-&OMrRie(i by a{B,Ei,2^^+^,BEi,)Cy+\{B,Di„E^2‘^»+^,Ei,)C 

above max{m^,q^,lnD\,,ni,,p\,}, and 

• setting = Lt,(m(j, gj, ktj,%), = ft,(mp, gj, kjj,%), % = ^(1^,^), 

and sjj = Sjj(lt,, r[,), if r\, > q^ then Sfj > r\) and if also l\, > then 
for any I G [k^,h] there are sets B~ and with pi{B~) < ^IE)\,, 
p{B^'~) < 2/D\, so that 




Proof. As always, we examine the proof. 

Suppose Dq, 772-0,PO) To are fixed and that Tq is w. „ -bounded by C above 

J, ll,XL'[j 

max{?72o, Po) ill -^^ 0 ) Pb) ) ill -^b} • Then: 

• Sm^,r{^,r') < w^-^^(max{?77i.,r,r',r77o,po,lni:>o,Pb,rai,,lnDi,}), 

• If 1 is u-bounded by 1 above c, 1^ I'O ^ u(max{gj- + 1, /c, c}), 


• Lt(?77p9pk|,r|)(A:,r) < u(max{g| + l,k,m^,n\„p\,}), 

• St("i't>9t,kpr|)(A:,r) = Sm^^m^+i{k,r') < (max{r',r?7|-M,?72o,po,Pb,n^})- 

In particular, both u and tq are bounded by . We apply Lemma 

l7.11l to Lit,, max{Do, Al; max{?72o, n^}, max{po,pJ, L|,%, w^. ^ and there¬ 


fore obtain the bounds: 

2 II ^4^4 

• Cf = w^+^^i^Ej™ax{?72o,Po,ln A,nb,Pb,ln A}), 


777| < W . 


32S2r2+1 


t)j 


7+1,u,El, 

^32B2e2+i 

k-|- is g^-bounded by a{B, Llt,2'^t+5^ BE\f)Cx+\{B, 
above max{777|, q^ , mo , po, In Dq j i^b ) Pb > in T)[,} , 

is Wj^^_£;^-bounded by a{B, E^2^^+^, BE^)Cy+\{B, 
above max{777|, q^ , mo , po, In Dq j i^b > Pb > in L)[,} . 


max{^)o,A},A2‘=»+^A)C 

max{Do,A},A2‘=t+5,L;t)C 


Note that l-j- = L-|-(?72j, gj-, kj, rj-)(A:, r) = u(max{( 7 j -|- 1,A:}) while Sj- = 

S|(?77p 9 p kp r-f) is -bounded by C above max{772-|--|-l, ?72o,po, In Dq) nt,,pt,. In L)[,}, 

so r| = r|(lp Sj) is bounded by 


-a(B,Ei,2=t+®,BEi,)C+i{B,max{Do,Db},Eb2'=t+®,E|,)C 
W . ^ 

7 ,u,Ei, 


(max{?72t, 9t, mo, Po, In A, n-t,, pb, In Dt,}) 
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which is in turn bounded by 

212^4^4 

In L>o, In 


In particular, 

212 £j4 j^4 

• mo{Do,mo,Po,ro) < w.^^^^J^{max{mo,poM Do,n\,,p\,,lii D^,}), 

212^4^4 

• qo(^o,nro,Po,ro) <'^-^^-^J^{raa^{mo,poMDo,n\„p^,lnD^}). 

This puts us in the setting of Lemma 17.91 with d = 1, so we obtain 

• mo < (max{n[,,pb,lnA}) 

• go < (maxing,pb, InDJ), 

. Do = L;b2'?o+5, 

• ro is -bounded by 1 above max{mo, go, ni,,p\,, In D^,}. 

Therefore: 

212^4 

• nitt < W29^2^2^_^^^^^^^(max{nb,pi,,lnDi,}), 

212^4^4 I 

• kjj is W 2952 -bounded by a{B, , BE\,)Cx+\{B, Do, , E^)C 

above max{m[j, gjj, n[,,p[,, InL);,}, 

• % is W 29 B 2 -bounded by a{B, E\,2<^^+^, BE\,)Cy+\{B, Dq, E\,2^‘i+^, E\,)C 
above max{m[j, g[j, n[,,p[,, InL);,}. 


□ 


At least we obtain actual (large) numeric bounds. 

Theorem 7.13 (Bounds on 16.81) . Suppose {*)^ holds. Then for every E\, 
there exist < sj and g^ < such that: 

• Sj < ^ 2 ^sue, 

• h - '^ 22 ^ 54^4 sue, 

• l(PmtU^Stt)(^) ~ (dit|-^gtt)(^)l < ■^• 

Proof. We apply LemmaES] with ki,(m[j, gjj, l[j,sj) = ( 7 jj-|-l and ri,(m[j, gj, Ifj, sj) = 

mtt + 1. 

Suppose we are given Do, go, no, and ko which is ^.^-bounded by C 

above max{no, <? 0 ) In Hq}- Then 

• K,q,k{k',r) < w^guc,Et(niax{g,A;,A:'}), 

• rt(mt,gt,%,kt) = m^ + l^ 

• Lt(mt,gt,%,kt)(A;',r) = L,g^,g^+i < w^guc,^^(maxjgt + l,k'}). 

Therefore by the preceding lemma we obtain m^, kj- with; 

212^4^4 I ^ 

• mt < W29^2e2'+^+2,suc,E,(“a''{^0’®’l'^^0}), 
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212^4^4 I 

• k| is 'w 2 SB 2 E^+j+ 2 ,snc,Ei,-^ounded by a{B, , BE^)Cx+i{B, Dq, Ei,2‘ii+^, E^)C 

above max{m^,q^,no,qo,lnDQ}, 

• % is W29B2£;2_^j_H2,suc,Eb-bounded by a{B, E\,2'i^^^, BE\,)Cy+\{B, Dq, E^2'J^^^, Ei,)C 
above max{m|, no, go, In-Do}- 

In particular, since Ij- = L-|-(mp gp sp k-|-) is bounded by £-^(max{g| + 
l,k'}), = k|(rpl-|-) is bounded by 

a(-B,Et2‘'t+^SEt)C2+i(B,E>o,Eb2''t+5,Et)C, 


W 


'(max{m|+l,gt+l,no,go,lnDo}) < ^2^B^E^+j+3,snc,Ei, 


29-82^2+j + 2, sue,Et '-'-■■"I ' -UJ/ _ ■• Z“-D“-C/^-+J+Ci,SUC,-C/t 


This puts us in the setting of Lemma 17.91 with d = 2^B‘^E^ + 5, 
ultimately obtain: 

• fZO < ^2^9B^E^,sue, eS^"^^ 

• no < 

. Do = Db2'?o+5, 

• ko is w^i9^4^2 sue ^ above max{go,no}. 

In particular, 

^ ^C+212e4e4+1 

. m# = mt < W219^4 s2_,4s^(1), 

^C+212e4e4+1 

• ?# = < W219s4s2^,,,,s^(1), 

• % < w^20B4E4^34„,E^(max{mj,gtt}), 

• r| = mtj + 1, 

• k< W^2lB4E4^,uc,Eb(“^^{"^»’9#})’ 

• < w^2t^4g4^3„,_E^(max{mj,g#}). 


so we 


□ 


In particular, bounds on sjj and Zjj as a function of B ■ E\, are given by 
B ■ Ei,^ W^2t(sEt)4,suc,Eb(l) - /222(EEb)4(-D + E + c). 

Recall the function fu}{m) = fm{Tn)-, then S[j and Zj are bounded by 

U2‘^\BE^,f + c) 

for some constant c. 
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